With the arrival of the era of gravitational wave astronomy, the strong gravitational field regime will be explored soon in various aspects. In this article, we provide a general review over cylindrical systems in Einstein's theory of general relativity. In particular, we first review the general properties, both local and global, of several important solutions of Einstein's field equations, including the Levi-Civita and Lewis solutions and their extensions to include the cosmological constant and matter fields, and pay particular attention to properties that represent the generic features of the theory, such as the formation of the observed extragalactic jets and gravitational Faraday rotation. We also review studies of cylindrical wormholes, gravitational collapse and Hoop conjecture, and polarizations of gravitational waves. By rigorously defining cylindrical symmetry, we also clarify some (incorrect) claims existing in the literature, regarding the general cylindrically symmetric spacetimes.
The investigations of cylindrically symmetric spacetimes can be traced back as far as to 1919 when LeviCivita (LC) discovered a class of solutions of Einstein's vacuum field equations, corresponding to static cylindrical spacetimes [187] . The extension of the LC spacetimes to stationary ones was obtained independently by Lanczos in 1924 [182] and Lewis in 1932 [188] . In 1925, Beck studied a class of exact solutions and interpreted them as representing the propagation of cylindrical gravitational waves (GWs) [17] . This class of solutions was later rediscovered by Einstein and Rosen in their seminal work on the studies of the nonlinearity of GWs in 1937 [118] , and in the same year van Stockum solved the problem of a rigidly rotating infinitely long cylinder of dust, and found explicitly the metric [268] . In 1957, Bonnor [31] and Weber and Wheeler [284] studied the Einstein-Rosen waves in great detials, and since then, cylindrically symmetric spacetimes have been extensively investigated with various motivations [142, 254] .
In particular, to understand some fundamental issues in general relativity (GR), such as the structure of the theory [207] , the nature and formation of spacetime singularities [152] , the cosmic censorship [222] and hoop [262] conjectures, one often assumes certain symmetries of spacetimes, because Einstien's field equations are in general so complicated that it is extremely difficult to study them in their most general form, especially in the times when computers had not been available. In fact, even now it is still very hard to study spacetimes with only one Killing vector (both analytically and numerically). Therefore, the next step is naturally to consider spacetimes with two Killing vectors, which include cylindrically symmetric spacetimes [142, 254] .
The studies of such spacetimes were further motivated by topological defects discovered in 1976 by Kibble [173] , which include cosmic strings, and the latter were once believed to provide a mechanism to produce the cosmic microwave background (CMB) and large-scale structure observed in our universe [93, 269] . However, observations of CMB have ruled out cosmic strings, formed in the context of symmetry breaking in grand unified theories (GUT's), as the sources of the cosmological perturbations [19, 249, 251] , and led to an upper bound, Gµ/c 2 
10
−7 [4] , where µ denotes the string's tension, and G and c are, respectively, the Newtonian constant and the speed of light in vacuum. The string tension is intimately related to the energy E of the phase transition,
where M pl ≡ c/G denotes the Planck mass. Currently, the strongest constraint Gµ/c 2 10 −11 comes from the analysis of stochastic GW background, expected from cosmic strings with the latest pulsar timing array [28] .
Recently, the subject has attracted further attention in the framework of string/M-Theory, the so-called cosmic superstrings [94, 114] , which were formed before inflation took place and stretched to macroscopic length scales in the inflationary phase. During the subsequent epochs, a complicated network of various string elements forms [84, 85, 266] . The main phenomenological consequence of a string network is the emission of GWs [1, 2, 26, 43, 97-99, 218, 231, 233, 237, 255, 267] , generating bursts at cusps, kinks and junctions, as well as a stochastic GW background. Low tension strings are natural in string/MTheory, and can easily satisfy the observational bounds given above [83] .
With the observations of the 11 GWs [3] , lately the studies of GW phenomena have attracted a great deal of attention, including their nonlinear properties, such as memory effects [5, 25, 27, 29, 30, 41, 42, 89, 146, 151, 196, 250, 263, 283, 290, 292, 293] . Such effects might be possibly detected by the Laser Interferometer Space Antenna (LISA) [122] . These studies recently have gained additional momenta, due to the close relations between asymptotically symmetric theorems of soft gravitons and GW memory [153, 256] . Such studies in general have been carried out in spacetimes with plane symmetry, but to shed some new light on the nonlinear effects, recently cylindrically GWs have been also studied [206] .
Along the above direction, another interesting phenomenon related to the nonlinear properties of GWs is the gravitational Faraday rotation, first discovered by Piran, Safier and Stark [228, 229] , and later generalized to spacetimes with plane symmetry [272, 273] . It was found that the polarizations of one GW can be rotated by the other, due to their nonlinear interaction, an analogue of the electromagnetic Faraday rotation. Since then, detailed studies of gravitational Faraday rotation have been carried out in various situations, including Einstein-Maxwell waves [7] , rotating cylindrical GWs [224] , and more recently, cylindrical gravitational soliton waves [265] .
A.
Cylindrically symmetric spacetimes
It is interesting to note that, despite the extensive studies of cylindrical spacetimes in the past several decades, in the literature there still exist confusions in the definition of cylindrically symmetric spacetimes and (wrong/false) claims. For example, it has been claimed by various authors that the Kompaneets-Jordan-EhlersKundt (KJEK) metric [169, 176] is the most general form that describes cylindrically symmetric spacetimes, where γ, ψ, ω and W are functions of t and r only. However, it is clear that this metric does not include the rotating cylindrical GW spacetimes studied by Mashhoon and Quevedo (MQ) [199, 200, 230] ,
In fact, to obtain metric (1.2), an additional condition that the two-dimensional abelian group G 2 acts orthogonally transitively must be imposed, in addition to the general definition of cylindrically symmetric spacetimes, while in metric (1.3) such an assumption is left out. To clarify the above, let us first consider the definition of cylindrical symmetry, starting with the cyclical one. Definition 1. A spacetime (M, g) is said to have a cyclical symmetry, if and only if the metric is invariant under the effective smooth action SO(2) × M → M of the one-parameter cyclic group SO(2) [79] .
Definition 2. A cyclically symmetric spacetime is said to be axially symmetric, if the set of fixed points (i.e., points that remain invariant under the action of the group) of the isometry is not empty. The set of fixed points is referred to as the symmetry axis [78] .
Note that Definition 2 implicitly assumes that there exists at least one fixed point in (M, g). It can be shown that the set of fixed points must be an autoparallel, twodimensional timelike surface [79, 198] . Furthermore, the infinitesimal generator ξ α of the axial symmetry is spacelike in a neighborhood of the axis, and that the so-called elementary flatness condition holds [198] ,
as r → 0 + , which ensures the standard 2π-periodicity of the axial coordinate near the axis, where r = 0 denotes the location of the axis, 5) and ( ) ,α ≡ ∂/∂x α . Note that in this paper we shall adopt the conversions: Greek letters run from 0 to 3 (µ, ν, ... = 0, 1, 2, 3); Latin letters run from 1 to 3 (i, j, ... = 1, 2, 3); and repeated indices represent sum over their individual domains.
To define the cylindrical symmetry, in addition to ξ we assume that the spactime (M, g) contains another spacelike Killing vector η, which generates together with ξ a G 2 group. Then, one can prove the following: Proposition 1. In an axially symmetric spacetime, in addition to ξ if there is another Killing vector η, then both Killing vectors commute, thus generating an Abelian G 2 group [78] .
With the above, we are ready to define cylindrically symmetric spacetimes.
Definition 3. A spacetime (M, g) is cylindrically symmetric if and only if it admits a G 2 on S 2 group of isometries containing an axial symmetry [78] .
As mentioned above, the assumption on the existence of two-surfaces orthogonal to the group orbits is not necessary for the definition of cylindrical symmetry nor a consequence of it, but the existence of an axis is essential. So, in the above definition, the orthogonal transitivity is removed, and the line-element of cylindrically symmetric spacetimes is provided in the following theorem [271] . Theorem 1. Suppose that a spacetime admits two spacelike commuting Killing vector fields ξ and η. Let u be a hypersurface-orthogonal timelike vector field of unit length, which is orthogonal to ξ and η. Then, there exist local coordinates (t, x, y, z), such that u = N −1 (t, x)∂ t , u α dx α = N (t, x)dt, ξ = ∂ y , η = ∂ z , and
where k, h, W, f and w i are all functions of t and x only. It can be shown that this metric includes both metric (1.2) and metric (1.3) as its particular cases.
In particular, when G 2 acts orthogonally transitively, we have w 2 = w 3 = 0, and then (1.6) Note that in writing the above expression, we had made the replacement (y, z) → (z, φ). Clearly, the two-surfaces of t, x = const. is gauge-invariant under the coordinate transformations, t = f (t , r), x = g(t , r), (1.8) where f (t , r) and g(t , r) are arbitrary functions of their indicated arguments. Then, using this freedom, we can always set g t t = −g rr and g t r = 0, so the resulted metric takes precisely the form of (1.2). In this case, there exists a general no-go theorem regarding the existence of black holes [278] . Theorem 2. Let (M, g) be a four-dimensional Riemannian spacetime obeying Einstein's field equations, Ric − (R/2)g − Λg = κT , coupled with a cosmological constant Λ. Assume that the spacetime possesses two commuting spacelike orthogonally transitive Killing vectors ξ and η. Then, (M, g) contains neither outer nor degenerate apparent horizons, if matter satisfies the dominant energy condition and Λ > 0.Constant Note that when Λ = 0, only the existence of outer apparent horizons is excluded. Thus, in this case only degenerate apparent horizons are allowed. However, when Λ < 0, both outer and degenerate apparent horizons can exist. This explains why all the topological black holes found so far are with Λ ≤ 0. For more details, we refer readers to [278] , and for a concrete example, see [277] .
In addition, the above theorem does not require any of the orbits of the two spacelike Killing vectors be closed. As a result, the theorem can be equally applied to plane symmetric spacetimes [141] .
When G 2 acts non-orthogonally transitively, but one of the two Killing vectors is hypersurface-orthogonal, the corresponding line-element can be obtained from (1.6) by setting either w 1 = w 2 = 0 or w 1 = w 3 = 0, which is referred to as the A(ii) class of solutions in [271] , while the metric (1.7) is classified as the B(i) class of solutions. In the current case, without loss of the generality, we only consider the case w 1 = w 2 = 0, with which the metric (1.6) Making the coordinate transformations (1.8) and using the gauge freedom, we can always set g t r = g zr = 0, so the resulted metric takes the form, 10) after the replacement, (y, z) → (z, φ). Solutions of this type were studied recently by Chicone, Mashhoon and Santos for gravitomagnetic accelerators and clock effects [86, 87, 201] . Clearly, the above metric reduces to the MQ metric (1.3) when k = h 1 . When G 2 acts orthogonally transitively, and both ξ and η are hypersurface-orthogonal and mutually orthogonal, the corresponding spacetimes are described by metric (1.6) with w 1 = w 2 = w 3 = 0, and with the gauge freedom (1.8), the metric can be further written as
This is referred to as the B(ii) class of solutions in [271] and represents the Einstein-Rosen (ER) cylindrical GWs [118] , which are linearly polarized, that is, only the "+" polarization exists [141] .
It should be noted that in spacetimes with cylindrical symmetry, closed timelike curves (CTC's) can be easily formed. To guarantee their absence, one usually also imposes that the condition, ξ α ξ α < 0, (1.12) holds in the whole spacetime. In addition, sometimes it is also required that the spacetime be asymptotically flat in the radial direction, especially for the cases in which the sources are confined within a finite region [22] . Finally, we note that there are physically realistic situations where an axis may not exist, as it may be singular and so not part of the manifold, or the topology of the manifold may be such that no axis exists. Barnes noted [13] that in this case the requirement of the existence of an axis in Proposition 1 can be removed and the following holds (See also [24] and the footnote given in [13] ).
Proposition 2. Any two-dimensional Lie transformation group that contains a one-dimensional subgroup whose orbits are circles must be Abelian.
B. Einstein's field equations
The world constructed by Newton to describe his theory of gravitation had much simplicity. Space is always equal to itself where particles move and act upon each other. Furthermore, the gravitational effects propagate with an infinitely large velocity. This concept of space sounded not plausible to Einstein and he came with the brilliant idea that space is the gravitational field meaning the Newton space itself [234] . This needed a better formulation of the field equations. Einstein, after a long 1 Note that in the 2-surfaces of z, φ = const., we can always use the gauge freedom (1.8) to write the reduced metric in the conformally-flat form, e 2k dt 2 − dr 2 . But, now the second part of the metric (1.10) will in general take the form,
struggle, found that the Riemann geometry, first proposed by Gauss and then generalized to any dimensions by Riemann, could properly describe the curvature of space produced by different matter distributions. By doing this Einstein managed to express the gravitational field equations in an arbitrary coordinate system. In Riemann's geometry the parallel transport of a vector is proportional to its curvature which is described by a quantity called the Riemann curvature tensor R αβγδ . The justification of calling it curvature lies in the fact that it vanishes if and only if the space is flat.
Einstein [117] derived the field equations in the year 1915 which are given by 2 ,
They show how the space curvature, represented by the Ricci tensor R αβ = R γ αγβ and its scalar R = g αβ R αβ , are brought about by the source of curvature, the matter distribution given by the energy momentum tensor T αβ . In fact not only space curves but time as well and for this reason we call spacetime where Einstein field equations dwell. The coupling constant κ in normalized units, the velocity of light c = 1 and the Newton's constant G = 1, values κ = 8π. This system of equations, called Einstein's field equations, constitutes a set of 10 partial differential equations with respect to the metric g αβ . These equations (1.13) reduce to the vacuum when T αβ = 0 and become
(1.14)
When spacetime is deprived of sources producing gravitational fields, and thereby producing curvature, the spacetime is flat and given by the metric η αβ , called Minkowski metric, 15) with t the time coordinate and x, y and z the Cartesian coordinates. Hence, the Newtonian limit, which one expects to be obtained, from Einstein field equations is produced when the metric is given by 16) with f αβ a small deviation from the Minkowski spacetime meaning that quadratic terms and derivatives of f αβ are ignored.
In this paper, we shall present an updated review on cylindrically symmetric spacetimes. However, due to the vast scope of the field carried out in the past several decades and the limitation of the space of the review, it is impossible to cover all the subjects studied so far. So, one way or another one has to make a choice on which subjects that should be included in a brief review, like the current one. Such a choice clearly contains the reviewers' bias. In addition, in this review we do not intend to exhaust all the relevant articles even within the chosen subjects, as in the information era, one can easily find them, for example, from the list of the citations of relevant articles. With all these in mind, we would like first to offer our sincere thanks and apologies to whom his/her work is not mentioned in this review. In addition, there have already existed two excellent books to cover the subjects extensively [142, 254] and a brief review on gravitational collapse in cylindrically symmetric spacetimes [203] .
The rest of article is organized as follows: In the next four sections, we shall review the general properties, both local and global, and possible sources of the Levi-Civita solution (Sec. 2), coupled with an electromagnetic field (Sec. 3), with a cosmological constant (Sec. 4), or with a perfect fluid (Sec. 5). Then, in the next two sections, we shall provide a general review on the Lewis vacuum solution (Sec. 6), and its generalization to include a cosmological constant (Sec. 7). Finally, In Secs. 8 and 9, we shall provide a review on wormholes, gravitational collapse, polarizations of cylindrical GWs and gravitational Faraday rotations. An appendix is also included, in which Einstein's field equations of static cylindrical spacetimes are presented.
II.
LEVI-CIVITA (LC) VACUUM SPACETIME Einstein's field equations (1.13) are highly nonlinear thus imposing big difficulties in finding their solutions. Furthermore, once found their solutions, even bigger difficulties arise in interpreting them. In spite of great efforts to grasp their interpretations, as is well shown in [253] and [142] , the majority or even almost the totality of these solutions are still not well understood given their high nonlinearity. A simple example like the spherical vacuum field for a point mass, presented below, which is perhaps the solution most studied in GR, still bears weird and unexpected properties as we will see in the following by studying cylindrically symmetric vacuum fields.
Schwarzschild [239] in 1916 obtained the first vacuum solution to (1.14), describing the spherically symmetric vacuum field with the following line element ds,
where the spherical coordinates are numbered x 0 = t, x 1 = r, x 2 = θ and x 3 = φ. In the Newtonian approxi-mation (2.1) becomes
where U is the Newtonian potential and comparing to (2.1) we have
hence the only parameter stemming from the integration of the field equations for a spherically symmetric vacuum spacetime is the Newtonian mass M .
A. LC solutions
The second vacuum solution of Einstein field equations (1.14) was obtained a few years later, in 1919, by LC [187] corresponding to a cylindrical vacuum spacetime and it was presented in the form [Cf. Appendix A],
4) where the cylindrical coordinates are numbered x 0 = t, x 1 = ρ, x 2 = z and x 3 = φ. In the Newtonian approximation we have, correspondingly to (2.2)
and compared to (2.4) we have the Newtonian potential for this case
Hence, from (2.6) we clearly see that for small values of σ it is the Newtonian mass per unit length as produced by an infinitely long homogeneous line mass, as observed by LC himself. Ever since much has been written by researchers trying to grasp its physical and geometrical interpretations. However, this endeavor proved to be difficult and uncertain. Only in 1958 did Marder [197] establish that the solution (2.4) contains two arbitrary independent parameters usually called σ and a differently from the Newtonian fields where there is only one independent parameter. We call the attention too that for the spherical case in the relativistic and Newtonian theories there appears just one parameter. This fact already suggests some bigger difficulties in understanding cylindrically symmetric fields. In the Newtonian approximation the parameter a is also associated with the constant arbitrary potential that exists in the Newtonian solution.
In 1979 Bonnor [33] observed that a is also dressed with a relevant global topological meaning, and cannot be removed by scale transformations.
In the following we review the main properties and physics that lie behind the LC spacetime that so far have been grasped up to the present time in a large number of papers. We are aware that these results sometimes appear contradictory since some interpretations collide with others. In fact this is one of our main motivations to deepen into Einstein's theory.
B.
Nature of the coordinates of the LC solutions
The LC metric given by (2.4) can be written in the form [160] 
where −∞ < t < ∞ is the time and 0 ≤ ρ < ∞ the radial coordinates, and σ, a m and a n are constants. The nature of the coordinates m and n, so far unspecified, depends upon the behaviour of the metric coefficients. Either a m or a n can be transformed away by a scale transformation depending upon the behaviour of the coordinates m and n, thus leaving the metric with only two independent parameters. In order to find that behaviour we transform the radius ρ into a proper length radial coordinate r by defining
thus obtaining 9) and metric (2.7) becomes
(2.11) Consider 0 < σ < 1/2 which implies for this range h(r) diverging when r → 0 and always l(0) = 0. Then we can interpret m as the axial coordinate −∞ < z < ∞ with a m = 1 by rescaling z, and n as the angular coordinate φ with the topological identification of every φ with φ + 2π, and the metric (2.10) becomes
12) where a n is replaced by a.
Consider 1/2 < σ < ∞ which implies for this range h(0) = 0 and l(r) diverging when r → 0. Then we can interpret m as the angular coordinate φ with topological identification of every φ with φ + 2π, and n as an axial coordinate −∞ < z < ∞ with a n = 1 by again rescaling z, and (2.10) becomes
13) where we replaced a n for a.
In both cases (2.12) and (2.13) where σ > 0 we have g 00 → 0 as r → 0, indicating an attractive singularity.
While, assuming σ < 0, we obtain g 00 → ∞ as r → 0, indicating a repulsive singularity.
The invariant quantity, under coordinate transformations, built out of the Riemann curvature tensor given by R ≡ R αβγδ R αβγδ , called the Kretschmann scalar, is a good indicator of singularities. Calculating R for metrics (2.12) and (2.13) we obtain
From (2.14) we see that R → ∞ as r → 0 and R → 0 for σ = 0, 1/2 and ∞. Metric (2.12) for σ = 0 becomes 15) representing the Minkowski spacetime when a = 1 in cylindrical polar coordinates r, z and φ. However, if (2.15) has a > 1 there is an angle deficit 2πδ given by δ = 1 − 1/ √ a producing flat spacetime everywhere except along the axis r = 0 which is interpreted as a cosmic string. The deficit can represent the tension of the string with mass per unit length µ given by µ = δ/4. If there is an angle excess a < 1 it would represent a cosmic string under compression with µ < 0. Hence the constant a is directly linked to the gravitational analog of Aharonov-Bohm effect [115] . This effect shows that gravitation depends on the topological structure of spacetime giving rise to an angular deficit δ as in the electromagnetic Aharonov-Bohm effect, where a (classical) non-observable quantity (the vector potential) becomes observable (part of it) through a quantum non-local effect. Its gravitational analog allows a (Newtonian) nonobservable quantity (the additional constant to the Newtonian potential) to become observable in the relativistic theory through the angular deficit in strings. For a review in cosmic strings see [163] .
In the case σ = 1/2 the two metric coefficients h and l in (2.11) are constants, so both a m and a n can be removed. Then neither m nor n is entitled to be an angular coordinate, and the three coordinates r, m and n are better visualized as Cartesian coordinates x, y and z. Hence metric (2.7) can be written as 16) which is the static plane symmetric vacuum spacetime obtained by Rindler [107, 144, 232] .
In the next section we calculate the circular geodesics for the above spacetime to try get further understanding of the properties of the different values that σ can attain for σ ≥ 0, since σ < 0 would in some way correspond to negative mass densities.
C. Geodesics
For the metrics (2.12) and (2.13) the circular geodesics [103] haveṙ =ż = 0 and g tt,rṫ 2 + g φφ,rφ 2 = 0 where the dot stands for differentiation with respect to s. The geodesic angular velocity is defined by ω =φ/ṫ and its tangential velocity only nonzero component is W φ = ω/ √ g tt with its modulus defined by
In the case 0 ≤ σ < 1/2, from (2.12) we obtain
17)
We note that for a given σ the tangential velocity W in (2.18) is the same for all circular geodesics, in agreement with the corresponding Newtonian gravitation. Furthermore, we see that W increases monotonically with σ, that is from σ = 0 producing W = 0, to σ = 1/4 attaining W = 1, the speed of light, and finally σ = 1/2 producing geodesics with W = ∞. For small σ and a = 1 from (2.17) and (2.18) we obtain the Newtonian limit W = rω.
In the case 1/2 < σ < ∞ from (2.13) we obtain
19)
With σ increasing beyond 1/2, we note from (2.20) that W diminishes, attaining W = 1 for σ = 1 and W = 0 for σ = ∞. In other words, the circular geodesics are timelike when either 0 < σ < 1/4 or σ > 1, are lightlike when σ = 1/4 or 1, and are spacelike when 1/4 < σ < 1.
If we redefine σ by (2.17) and (2.18) . This means that the parameter range 1/2 < σ < ∞ is equivalent to the range 0 < σ < 1/2 and the coordinates z and φ switching their nature. Hence we might have the following picture for the different values of σ. For small values of σ the metric (2.12) with t and r constants describes cylindrical surfaces with φ a periodic coordinate. As σ increases the cylindrical surfaces open out and become infinite planes for σ = 1/2. For values of σ bigger that 1/2 the coordinate z becomes periodic forming new cylindrical surfaces perpendicular to previous ones for 0 < σ < 1/2.
Another interesting geodesic is the one that describes the motion of the particle along the axis of symmetry z. These geodesics calculated with (2.12) (we restrict the calculation of this metric since (2.17) is equivalent) producez
It means that particles increase their speed along z when distancing radially from the axis, while diminishing their axial speed when moving radially towards the axis. This result indicates that a force parallel to the z axis appears.
In the flat case σ = 0 such an effect vanishes, bringing out its non-Newtonian nature. We further discuss this weird geodesic property in the section concerning the Lewis spacetime. For radial geodesics it has been shown [158] that there exist timelike particles approaching z that are reflected at r = r min and move outwards until attainingṙ = 0 at r max repeating endlessly this trajectory. This motion is called confinement of test particles.
In the next section we see some further limits that LC metric satisfies.
D.
LC spacetime as a limiting case of the γ spacetime
In cylindrical coordinates, static axisymmetric solutions of Einstein's vaccuum equations are given by the Weyl metric [285] 
with λ(ρ, z) and µ(ρ, z) satisfying
and 
27)
where 29) and γ a constant. It has been found by Bach and Weyl in 1922 [9] . Calculating its Newtonian potential (2.5) we obtain 30) and it corresponds to a potential due to a line segment of length 2m and mass per unit length γ/2 symmetrically distributed along the z axis. Hence the total mass M of the line segment is M = γm. The particular case γ = 1 corresponds to the Schwarzschild metric. This can be seen by taking spherical Erez-Rosen coordinates [120] given by 31) and the γ metric becomes
32) where
Now we can easily check that for γ = 1 the metric (2.32) reduces to the Schwarzschild metric (2.1).
If we want to compare the γ metric, in the limit when its length segment m → ∞, to the LC metric, one notices that by taking directly this limit on (2.27) and (2.28) the metric diverges. For this reason we use the Cartan scalars approach to obtain a finite limit. These scalars are the components of the Riemann tensor and its covariant derivatives calculated in a constant frame. Two metrics are equivalent if and only if there exist coordinate and Lorentz transformations which transform the Cartan scalars of one of the metrics into the Cartan scalars of the other. Although the Cartan scalars provide a local characterization of the spacetime, global properties such as topological defects do not appear in them. By doing all this procedure one can prove that locally in the limit m → ∞ the γ metric is the same as the LC metric. Details of these long calculations are given in [156] . Here we come to an interesting and, so far, weird result showing how apparently unexpected results can stem from long known results like Schwarzschild and LC solutions. When the density per unit length of the rod σ = γ/2 has the value γ = 1, or the mass density per unit length σ = 1/2, it becomes the Schwarzschild spherically symmetric spacetime, and in the limit, when its length m → ∞, becomes the Rindler static plane symmetric vacuum spacetime. This is a remarkable result.
For all the different limiting metrics that LC spacetime can undergo see [156] . The limits for the circular geodesics of the γ spacetime up to the LC spacetime are well studied in [158] .
In the next section we make a brief review of possible sources to the LC spacetime.
E.
Sources producing LC spacetime
The LC spacetime, as we saw, contains two essential constants denoted by a and σ. The constant a refers to an angle deficit or excess that produces cosmological strings. However, it is σ that presents the most serious obstacles to its interpretation. Indeed, for small values 0 < σ < 1/4, LC describes the spacetime generated by an infinite line mass, with σ as mass per unit coordinate length. When σ = 0 the spacetime is flat. However, circular timelike geodesics only exist for 0 < σ < 1/4, becoming null for σ = 1/4 and being spacelike for σ > 1/4. Furthermore, as the value of σ increases from 1/4 to 1/2 the corresponding Kretschmann scalar (2.14) diminishes monotonically and vanishes when attaining σ = 1/2 implying that the spacetime is flat.
Thus, the question is what does the LC spacetime represent outside the range 0 ≤ σ ≤ 1/4 ? First we observe that there are known physical satisfactory fluid sources for LC spacetime satisfying boundary conditions for both ranges of σ (see for example [162, 253] ). On the other hand, the fact that the Kretschmann scalar decreases with increasing σ, may not be associated with the strength of the gravitational field. Instead it could be associated with the acceleration of a test particle that would measure more suitably the strength of the gravitational field, which is the case for 1/4 < σ < 1/2.
A possible interpretation of LC is a spacetime generated by a cylinder whose radius increases with σ and tends to infinity as σ approaches 1/2. This interpretation suggests that when σ = 1/2 the cylinder becomes a plane.
It might be instructive to consider a static cylinder filled with anisotropic perfect fluid and calculate its mass per unit length by using the junction conditions to its exterior LC spacetime. The Whittaker formula [287] for the active gravitational mass per unit length ν of a static distribution of perfect fluid with energy density µ and principal stresses P r , P z and P φ inside a cylinder of surface S is ν = 2π
Considering a static cylindrically symmetric metric 37) in which A, C and D are only functions of ρ, from Einstein's fields equations we obtain [140] A ,rr A − 1 2
Substituting (2.38) into (2.36) we have the simple expression 39) where regularity conditions on the axis of symmetry [162] have been assumed. Now taking for the exterior spacetime, of the cylindrical surface S, the LC metric (2.12) and imposing that it satisfies Darmois junction conditions [101, 162] with its interior (2.37) spacetime, it amounts to impose the continuity of the metric functions and its derivatives on S. By doing so we obtain for (2.39)
From (2.40) we have that when a > 1, there is a topological angle defficit, then ν < σ, and if a < 1 there is an angle excess, producing ν > σ. However, when there is no topological defect, a = 1, then ν can in fact be interpreted as mass per unit length of its source. Furthermore, since in cylindrical sources no black holes are formed, one might conclude that the minimum mass per unit length to form a black hole satisfies the constraint ν > 1/2. This result would fulfill the present knowledge of black holes that a lower mass limit is required for its formation. We are aware that ν is model dependent and cannot be given a general meaning, but nonetheless it fulfils some of the expected properties. A last comment on sources for the LC spacetime is the fact that conformally flat static sources do not admit Darmois' matching conditions satisfied for an exterior LC spacetime. This result is proved in [162] . Conformal flatness of a metric means that its corresponding Weyl tensor vanishes. The interpretation of the Weyl tensor is that it describes the purely gravitational character of the source. This interesting result means that a static cylindrical source deprived of its purely gravitational character cannot be smoothly matched to the exterior LC spacetime. It is conspicuous that for spherical symmetry this result does not stand, since there are conformally flat static spherical sources matched to the Schwarzschild spacetime.
III. STATIC ELECTROVACUUM SPACETIMES
Electromagnetic fields in cylindrical spacetimes
In this section we discuss the gravitational fields whose only source is a free electromagnetic field described by Maxwell's theory. This field in curved spacetime is characterized by the antisymmetric tensor F µν = ∂ ν A µ − ∂ µ A ν (A µ is the vector 4-potential) satisfying the Maxwell equations
where ∇ α is a covariant derivative, j µ is the electric 4-current, and
) is the axial tensor dual to F µν (ε αβµν is the LC completely antisymmetric unit object). In a vacuum region of a spacetime we have j µ = 0. Nonzero components F µν , compatible with the geometry (A.1), depending on the radial coordinate u only can have three different directions:
• Radial (R) fields: electric, F 01 (u) (so that E 2 = F 01 F 10 ), and magnetic,
• Longitudinal (L)] fields: electric, F 02 (u) (E 2 = F 02 F 20 ), and magnetic, F 13 (u) (B 2 = F 13 F 13 ).
• Azimuthal (A) fields: electric, F 03 (u) (E 2 = F 03 F 30 ), and magnetic,
Here E and B are the absolute values of the electric field strength and magnetic induction, respectively. Selfgravitating static, cylindrically symmetric configurations of such electromagnetic fields have been considered in [50, 51, 204, 235, 261] (see there also references to earlier work, and more historical details can be found in [254] ).
In our presentation we follow the lines of [50, 51] . The Maxwell equations follow from the least action principle with the Lagrangian
The same Lagrangian leads to the following well-known form of the stress-energy tensor (SET) to be used as a source of gravity in Einstein's equations:
This expression leads to an important circumstance: it turns out that the metric (A.1) admits only a single sort of electromagnetic field, R-, L-, or A-. Any simultaneous existence of fields of different directions is forbidden due to emergence of off-diagonal components of T ν µ whereas the left-hand side of Einstein's equations (1.13) is diagonal. For example, a nonzero electric R-field (F 01 = 0) and magnetic L-field (F 13 = 0) lead to T 3 0 = 0. However, simultaneous existence of electric and magnetic fields of the same direction is admissible, and due to the well-known electric-magnetic duality, such fields lead to similar contributions to T ν µ (in the general case there appears the sum
. Therefore in what follows we consider each sort of fields (R-, L-, A-) separately and, for definiteness, speak of electric R-fields (F 01 = −F 10 ), magnetic L-fields (F 13 = −F 31 ) and magnetic A-fields (F 12 = −F 21 ), bearing in mind that in each case mixtures of electric and magnetic fields of the same direction can be obtained by duality rotations without changing the SET and therefore the metric. With this ansatz the Maxwell equations reduce to the first part of (3.1). In vacuum (j µ = 0) they lead to
where µ = 0, 3, 2 for R-, L-, A-fields, respectively. To solve Einstein's equations, we choose the harmonic radial coordinate u (A.4) in the metric (A.1), such that α(u) = β(u) + γ(u) + µ(u). Then √ −g = e α+β+γ+µ = e 2α , and the solutions (3.4) can be written as
where in each curly bracket one should consider a single term for each sort of field, and the constants q µ have been renamed accordingly. In what follows, describing each of these fields separately, we denote by simply q any of these "charges" without a risk of confusion.
Since the tensor T 
B.
Geometry with a radial electric field
In this case, as one easily finds, the SET (3.3) takes the form
where q = q R may be interpreted as a linear electric charge along the z axis. Due to high symmetry of the SET (3.6), independent components of Einstein's equations R ν µ = 8πT ν µ reduce to
8)
Equations (3.7) are trivial while (3.8) is a Liouville equation which is easily solved, giving
where a, b, k are integration constants, which can take any real values, and three more constants have been removed by rescaling t and z and by choosing the zero point of the coordinate u. Furthermore, (3.9) is a first integral of (3.7) and (3.8), which, after substitution of (3.10) and (3.11) yields a simple relation between the integration constants Thus we have a solution with three significant integration constants q, a, b, which splits into three subfamilies according to the sign of k.
The metric takes the form
Without loss of generality we may take u ∈ R + = (0, ∞) as the range of u, and evidently u = 0 corresponds to the axis since the cylindrical radius r ≡ e β vanishes there. The electric field strength diverges there as E ≈ |q|/u 2 , therefore u = 0 can be interpreted as the location of a stretched electric charge. Since there g 00 = e 2γ ∼ 1/u 2 → ∞, it is a repulsive singularity for small test bodies.
The behavior of the metric at the other end, u → ∞, depends on the interplay of the constants a and b: while in all cases e 2γ → 0, the radius e β and the longitudinal scale factor e µ may tend to zero, infinity or finite values, as is apparent in (3.13) . In the cases where r → 0 as u → ∞, we have to conclude that the spacetime has there one more axis besides u = 0, where again E → ∞, but since it is the other end of the electric lines of force, it is a location of a charge of opposite sign to that existing at u = 0.
An exceptional case is a = b = −k, such that both e µ and e β are finite at u = ∞, and this cylinder turns out to be a Killing horizon. This is confirmed by a transition to the new radial coordinate x = 1 − e −2ku , after which the metric (3.13) takes the form
(3.14) Here we have the axis x = 0 that coincides with u = 0; the cylinder x = 1 (at which u = ∞) is a horizon, beyond which, at x > 1, there is a homogeneous anisotropic (Bianchi type I) cosmology where x is a temporal coordinate, and x → ∞ is a highly anisotropic temporal infinity where two scale factors, e µ and e β , tend to infinity while the third one, e γ , turns to zero. Since, unlike the Schwarzschild and other black hole spacetimes, a static region is here inside the horizon, this solution was named "inverted black hole" [51] (Fig. 1 ).
2. k = 0, so that by (3.12) either a or b is zero (or both). If we choose, for definiteness, b = 0, then the metric takes the form
Again u ∈ R + , the axis u = 0 is a repulsive singularity pertaining to a charged thread, while the "far end" u → ∞ is either a spatial infinity (b ≥ 0, e β → ∞) or the second axis (b < 0, e β → 0). The latter is now an attracting singularity where e γ → 0 but E ∼ e −µ−β → ∞. The case a = 0, b = 0 differs from the previous one where a = b = 0 by a changing scale along the z axis, and consequently at spatial infinity (u → ∞) the electric field strength E may grow (if a < 0) or vanish (if a > 0).
Without loss of generality the range of u can be chosen as 0 < u < π/|k|, and its both ends correspond to repulsive (since e γ → ∞) axial (since e β → 0) singularities with E → ∞, to be ascribed to axial electric charges of opposite signs. The constants a and b do not affect the qualitative nature of the configuration, being only involved in exponentials which are finite and smooth in this range of u.
In all cases with two axes, the 2D subspaces t = const, z = const can be imagined as warped spheres with singularities at their poles.
C.
Geometry with a longitudinal magnetic field
where q = q L can be ascribed to an electric current in the azimuthal (φ) direction, like that in a solenoid. Due to high symmetry of the SET (3.6), independent components of Einstein's equations in full similarity with (3.7)-(3.9) reduce to 18) so excluding the insignificant integration constants by rescaling the t and z axes and choosing the zero point of u, we can write the solution as
Thus the metric can be written as
The range of u is u ∈ R; moreover, without loss of generality we can assume a > 0 and b > 0 (making them negative is equivalent to changing u → −u). The circular radius e β → 0 as u → ±∞, that is, we have two axes at two ends of the u range. The end u → ∞ is, for any k, a, b infinitely distant since the proper length integral l = e α du diverges. The coefficients e µ and e γ also diverge there, the latter meaning that the gravitational field is repulsive from this remote axis. The magnetic induction B vanishes there.
As to u → −∞, the axis there is close in the sense that e α du converges. The metric behavior is more diverse there: there is repulsive (if a < k) or attractive (if a > k) singularity according to the behavior of e γ , while the scale along z behaves oppositely to e γ : it vanishes if a < k and blows up if a > k. In addition, B → ∞ as u → −∞ in all cases except a = b = k.
But the most interesting geometry is observed if a = b = k: the magnetic field is there finite, and there is no curvature singularity at u = ∞. In this case the substitution
transforms the metric to
(3.22) This metric is regular on the axis r = 0 if q 2 = 4k 3 and coincides with the metric of Melvin's "geon" [202] .
Otherwise there is a conical singularity at r = 0, and this axis behaves as a cosmic string.
In the limit r → ∞ (u → ∞), as can be easily verified, all curvature invariants vanish. Thus the metric (3.22) has no curvature singularities. It describes a magnetic (or electric) field configuration supported by its own gravitational field ("a magnetic universe"), with or without a cosmic string on its axis.
D.
Geometry with an azimuthal magnetic field
For an azimuthal magnetic field, the SET (3.3) takes the form
where q = q A may be interpreted as a steady electric current along the z axis. The set of equations is the same as for the L-field up to the replacement φ ↔ z, β ↔ µ, and the solution may be written as
As before, u ∈ R; and without loss of generality we assume a > 0 and b > 0. Despite the similarity between (3.20) and (3.25), their interpretations are quite different due to our assumptions of the topology of z and φ axes.
In the metric (3.20), "on the right end" u → +∞ we have e γ → ∞ (repulsion), e β → ∞ (spatial infinity in the sense of growing circular radius), l = e α du → ∞ (an infinite radial distance), and the magnetic induction B → 0. Meanwhile, e µ → 0 (shrinking longitudinal scale) on both ends.
On the other end, u → −∞, l < ∞, but it is a repulsive singular axis (e β → 0, e γ → ∞) only if a < k. If a > k, we have, on the contrary, e γ → 0 (attraction) but e β → ∞, and the whole configuration is wormhole-like [69] though with a singular end at u = −∞. As in the case of L-fields, B → ∞ as u → −∞ in all cases except a = b = k.
If a = b = k, then at u = −∞ both e γ and e β are regular, and to clarify the metric properties it is helpful to substitute e 2ku = y, after which the metric reads
Now, let us further transform the x coordinate to make the metric of (y.z) 2-surfaces explicitly conformally flat:
(3.27) To regularize it at y = 0 we can use the notion of conformal mappings on the complex plane using the function W = ln Z for W (ζ) = F + iz with ζ = ξ + iη. More precisely, in terms of F and z, we substitute 28) and since ξ 2 + η 2 ∼ y as y → 0, the metric is nonsingular at y = 0. However, under this transformation the range of z is π/2 < z < π/2, and the whole (ξ, η) plane R 2 maps in terms of (y, z) to this interval times y ∈ R + . To extend the solution to z ∈ R, we have to consider a Riemannian surface (ξ, η) with in infinite number of sheets and ξ = η = 0 as a branching point.
Thus in this case we have a self-supported magnetic distribution in spacetime with a branching-point singularity.
We can conclude that static cylindrically symmetric Einstein-Maxwell fields are rather diverse, and the most interesting and nontrivial configurations exist in special cases where there is a kind of equilibrium between gravity and electromagnetism: a horizon in an R-field, Melvin's nonsingular universe with an L-field, and a system with a branching point singularity in an A-field.
To understand the solutions further, sources producing such spacetimes were considered in [204] . It was shown that, in contrast to the vacuum case, when the electromagnetic field is present, the situation changes dramatically. In particular, in the case of a purely magnetic field, all the solutions can be produced by physically acceptable cylindrical thin shells, while in the case of a purely electric field, no such shells are found for any choice of the free parameters involved in the solutions.
IV. LC SOLUTIONS COUPLED WITH COSMOLOGICAL CONSTANT
Linet-Tian (LT) solutions
The Linet-Tian (LT) solutions can be cast in the form [106, 189, 264] ,
where Σ is given by (2.9),
β ≡ √ 3Λ/2 and C is an arbitrary real integration constant. Without loss of the generality, we assumed C > 0. It is easy to show that the above solutions reduce to the LC solutions given by (2.10), when Λ = 0, so in the following we do not consider this case any more. When Λ < 0, the trigonometric functions become hyperbolic, but the resulted solutions are still well-defined and real. All the solutions with Λ = 0 are Petrov type I according to the classifications given in [254] , except for the particular cases, σ = −1/2, 0, 1/4, 1/2, 1, which are all Petrov type D, as shown explicitly in [106] .
In addition, it was also found that the solutions with σ = 1/4 + τ can be obtained from the ones with σ = 1/4 − τ , together with the replacement [106] ,
Yet, the solutions also remain the same if we replace σ with 1/(4σ) and exchange the z-and ϕ-coordinates [296] , similarly to the vacuum case. When σ = 0, (4.1) reduces to
Clearly, in addition to the usual three Killing vectors
the solutions now admit one more Killing vector ξ (0) = t∂ z + z∂ t , which corresponds to a Lorentz boost in the (t, z)-plane. As r → 0, we find that
which represents the external spacetime of a cosmic string located on the symmetry axis r = 0 with the angular defect ∆ϕ ≡ 4µ = 1 − C −1 , where µ denotes the mass per unit length of the string. Note that the metric (4.4) also becomes singular at r = r g ≡ π/(2β) for Λ > 0. As shown below, this singularity is a curvature one, which makes the interpretation of the solutions as representing a cosmic string spacetime coupled with a positive cosmological constant unclear. However, in the case Λ < 0, the trigonometric functions become hyperbolic ones, and this singularity does not exist any more. So, in the latter the corresponding spacetime can be interpreted as representing a cosmic string embedded in an asymptotically anti-de Sitter spacetime.
To study the LT solutions further, let us consider the cases Λ > 0 and Λ < 0, separately.
B.
Main properties of LT solutions with Λ > 0
As r → 0, we find that P (r) → r and Q(r) → r, so that (4.1) approaches to the vacuum LC solutions. Then, the singularity behavior of the LT solutions at r = 0 are similar to that of the LC solutions. In particular, the solutions all have a curvature singularity, except for the cases σ = 0 and σ = 1/2 [279] .
When σ = 1/2, similarly to the case σ = 0, the corresponding solution also possesses an additional Killing vector, ξ (1/2) = C −1 ϕ∂ z − Cz∂ ϕ . This corresponds to a rotation in the (z, ϕ)-plane. Since in the latter case the curvatures of the two spacelike surfaces t, r = Constant are identically zero, it is difficult to consider this spacetime as having cylindrical symmetry. Instead, one may extend the ϕ coordinate from the range [0, 2π] to the range (−∞, +∞), so the resulted spacetime has a plane symmetry, as in the vacuum case [106, 289] .
However, the metric (4.1) shows that the solutions usually are also singular on the hypersurface r g ≡ π/(2β). To see the nature of the singularities, let us first note that Q(r) → r − r g and P (r) → (r − r g ) −1 , as r → r g . Then, we find that the metric (4.1) takes the asymptotic form,
as r → r g , where R ≡ r − r g . Then, the corresponding Kretschmann scalar is given by,
Therefore, the spacetime is always singular at r = r g , except for the cases σ = −1/2, 1/4, 1. It can be shown that all 14 independent scalars, built from the Riemann tensor in 4-dimensional Riemann spacetimes [76] , have the same properties. Therefore, in the cases σ = −1/2, 1/4, 1 the singularities on the hypersurface r = r g , are coordinate ones, and to have geodesically complete spacetimes, the solutions need to be extended beyond this surface. Note that, in addition to the usually three Killing vectors, they also have a fourth Killing vector, given by
, and ξ (1) = z∂ t + t∂ z , respectively. Using the same arguments as those given for the solution with σ = 1/2, the solution with σ = −1/2 can be also considered as representing plane symmetry, and the coordinate ϕ can be extended to the whole axis −∞ < ϕ < +∞.
Therefore, except for the particular cases, σ = −1/2, 0, 1/4, 1/2, 1, the solutions are singular at both r = 0 and r = r g . The physics of these singularities is unclear, and some of them (if not all) can be considered as representing matter sources [35, 38] .
When Λ > 0, in addition to (4.3), extra symmetry exists [143] ,
Because of this symmetry, it was argued that z and ϕ should have the same character, and in particular should be all periodic [143] . Due to the particular symmetry and singular behavior of the cases σ = ±1/2, in the following let us consider them separately. For more details, interested readers are referred to [106, 289] .
1.
Global structure of the solution with σ = 1 2
When σ = 1/2, making the coordinate transformations [106] ,
the corresponding metric takes the form,
10) where
From (4.9) we can see that the region 0 ≤ r ≤ r g is mapped to the region 0 ≤ X ≤ 1, and the point r = r g is mapped to the point X = 0, which is singular. Extending X to the range X ∈ (−∞, +∞), we find that in the extended spacetime two new regions X > 1 and X < 0 are obtained. However, the curvature singularity at X = 0 divides the whole spacetime into two unconnected regions X ≥ 0 and X ≤ 0. In the region X ≤ 0, the function f (X) is always negative and the X coordinate is timelike, while T is spacelike. Then, the spacetime is essentially time-dependent and the singularity at X = 0 is spacelike. As X → −∞, the metric becomes asymptotically de Sitter,
12) where T = e 2βT /3 , and X, Y, Z had been rescaled. The corresponding Carter-Penrose diagram is given by Fig.2 .
In the region X ≥ 0, the function f (X) is greater than zero for 0 ≤ X < 1 and less than zero for X > 1; that is, X is spacelike in the region 0 ≤ X < 1 and timelike in the region X > 1. On the hypersurface X = 1, it becomes null, which represents a horizon. Since the spacetime singularity at X = 0 now is timelike, the horizon is actually a Cauchy horizon [152] . As X → +∞, the spacetime is also asymptotically de Sitter and approaches the same form as that given by (4.12). The corresponding CarterPenrose diagram is given by Fig.3. 
2.
Global structure of the solution with σ = − 1 2
When σ = −1/2, the spacetime is singular at r = 0, and is free of curvature singularity at r = r g . Thus, to and Λ > 0 in the region X ≥ 0, given by (4.11) and (4.12). The vertical lines (X = 0) represent spacetime singularities, while the ones ad and bc (X = 1) represent Cauchy horizons. As X → ∞ (represented by the curves ab and cd), the spacetime is asymptotically de Sitter [289] .
have a geodesically complete spacetime, we need to extend the solution beyond the hypersurface r = r g . To make such an extension, we can introduce a new coordinate X by X = sin 2/3 (βr), and then rescale the coordinates t, z, and ϕ, we will find that the corresponding metric takes the same form as that given by (4.12). Thus, the solution with σ = 1/2 is actually the same as that with σ = −1/2. As first noticed in [106] , this is not expected! As a matter of fact, in the limit Λ → 0, the solution with σ = 1/2 approaches the Rindler space [232] , which represents a uniform gravitational field and is free of any kind of spacetime curvature singularities, while the one with σ = −1/2 is the static Taub solution with plane symmetry [259] , and is singular on the hypersurface X = 0. The total mass of the Taub spacetime is negative, while the one of Rindler is not [107] . However, the presence of the cosmological constant makes up these differences and turns the two spacetimes to be identical! We would also like to call the attention to the comments on conformally flat sources given at the end of section 2.5.
It is also interesting to note that none of these two solutions represents black holes. In fact, there is a general theorem for spacetimes with a positive cosmological constant and two spacelike Killing vectors [278] , which shows clearly that in such cases no black holes exist, as long as matter fields satisfy the dominant energy condition [152] .
C.
Main properties of LT solutions with Λ < 0
Near r = 0, the solutions with Λ < 0 have the same asymptotic properties as those with Λ > 0, and all approach to the LC vacuum solutions. Therefore, all the LT solutions with Λ < 0 are singular at r = 0, except for the two particular cases, σ = 0, 1/2. On the other hand, from (4.2) we can see that both P (r) and Q(r) are monotonically increasing functions of r now, so the LT solutions with Λ < 0 are well-defined in the whole range r ∈ (0, +∞). In particular, as r → ∞, we find that
where C 0 is a real constant. As first noted in [106] , this is the anti-de Sitter spacetime, but written in the horospherical coordinates [96] . Therefore, all the LT solutions with a negative cosmological constant are asymptotically anti-de Sitter.
1.
Global structure of the solution with σ = 0
When σ = 0, the solutions are given by (4.4), i.e.,
which can be considered as representing a cosmic string located on the symmetry axis r = 0 embedded in the antide Sitter spacetime with its mass per unit length given by µ = 1 − C −1 /4. Clearly, when C = 1, the cosmic string disappears, and a regular axis is obtained. Then, the whole spacetime is free of any kind of singularities, including a conic one, and has a well-defined symmetry axis at r = 0. In fact, the spacetime is locally flat at r = 0. So, we have an anti-de Sitter spacetime with cylindrical symmetry, and this solution is different from the de Sitter spacetime,
as first noted by Bonnor in [37] , and dubbed the nonuniform (NoU) AdS universe. The difference between these metrics can be seen clearly by calculating their Kretschmann scalars,
In fact, the AdS spacetime given by (4.15) is conformally flat C AdS µναβ = 0 , while the one given by (4.13) is not C Non-U-AdS µναβ = 0 , where C µναβ denotes the Weyl tensor.
2.
When σ = 1/2, the corresponding solution also possesses an additional Killing vector, ξ (1/2) = C −1 ϕ∂ z − Cz∂ ϕ , which represents a rotation in the (z, ϕ)-plane, and implies that this plane is flat. Thus, one can also consider that the solution has a plane symmetry by simply extending ϕ to the range ϕ ∈ (−∞, +∞). Then, we should also need to extend r to the full range r ∈ (−∞, +∞). However, the metric has a coordinate singularity at r = 0, and extension beyond it is needed, in order to obtain a geodesically complete spacetime. The extension is quite similar to the case σ = 1/2, Λ > 0. In fact, setting
17) the corresponding metric takes the form,
18) where f (X) is given by (4.11). Comparing it with (4.10) we can see that we can obtain one from the other by simply replacing f (X) with −f (X). From the expression of X we can see that the region 0 ≤ r < ∞ is mapped to the region 1 ≤ X < ∞, and region X < 1 is an extended region. After the extension, a spacetime curvature singularity appears at X = 0, which divides the whole X-axis into two parts X ≤ 0 and X ≥ 0. It can be shown that, unlike the case Λ > 0, now the spacetime is static in the region X ≤ 0 and the curvature singularity at X = 0 is timelike and naked. As X → −∞, the spacetime is asymptotically anti-de Sitter,
as X → −∞, whereX = X −1 . The corresponding Carter-Penrose diagram is given by Fig.4 .
In the region X ≥ 0, the spacetime singularity at X = 0 becomes spacelike. Except for this curvature singularity, there is a coordinate one located at X = 1. and Λ < 0 in the region X ≤ 0. The vertical double line (X = 0) represents a spacetime singularity, which is timelike. The curve bca corresponds to X = −∞, which is also timelike [289] . and Λ < 0 in the region X ≥ 0. The horizontal lines (X = 0) represent spacetime singularities, while the ones X = 1, represented by the straight lines ad and bc, correspond to event horizons. As X → ∞ (represented by the curves ac and bd), the spacetime is asymptotically anti-de Sitter [289] .
This coordinate singularity actually represents an event horizon. As shown in the last section, the spacetime is asymptotically anti-de Sitter as X → +∞. The corresponding Carter-Penrose diagram is given by Fig.5 . This is a black hole solution with plane symmetry and vanishing electromagnetic charge first found in [74] , and then studied in detail in [289] . It should be noted that this does not contradict the theorem given in [278] , as now we have Λ < 0.
3.
Note that in this case an additional Killing vector ξ (−1/2) = C −1 ϕ∂ z − Cz∂ ϕ also exists, and one may consider that the spacetime also has a plane symmetry. Hence, the range of r should be taken as r ∈ (−∞, +∞). Then one may ask, what is the physical interpretation of the spacetime in the region r ≤ 0? To answer this question, let us first introduce a new coordinate X = − sinh 2/3 (|β|r), and then rescale the other three, we find that the metric takes the same form as that given by (4.18) . From the expression for X we can see that the region 0 ≤ r < +∞ now is mapped to the region −∞ < X ≤ 0, while the region −∞ < r ≤ 0, is mapped to the region 0 ≤ X < +∞. In the region 0 ≤ r < ∞, the solution represents a static spacetime with a naked singularity located at X = 0. The spacetime is asymptotically anti-de Sitter, and the corresponding Carter-Penrose diagram is given by Fig.4 . In the region −∞ < r ≤ 0, the solution represents a black hole with plane symmetry, and the corresponding carter-Penrose diagram is given by Fig.5 . Thus, similarly to the case with Λ > 0, now the solution with σ = 1/2 and the one with σ = −1/2 actually describes the same spacetime.
D. Geodesics of LT solutions
Geodesics describe the orbits of light rays and material particles, and an important physical aspect is the influence of the cosmological constant on the stability of the geodesics' orbits in an otherwise vacuum spacetime with Λ = 0. In this context spherical spacetime with Λ has been studied in [184] . Here we summarize, in an unified way, the results about the impact of Λ on the dynamics of the geodesics in the LT spacetime. We recall the LT metric (4.1) with P and Q given by We follow closely the results obtained for Λ > 0 in [48] and Λ < 0 in [47] . We recall too that the range of the radial coordinate r is r ∈ (0, π/ √ 3Λ) and there are two singularities for Λ > 0, and the range of the radial coordinate r is r ∈ (0, ∞) and there is only one singularity for Λ < 0. If Λ = 0, one simply gets P = Q = r.
The geodesics for the LT metric are given bẏ 24) where the dot stands for differentiation with respect to an affine parameter λ; the constants E, P z and L z represent, respectively, the total energy of a test particle, its momentum along the z axis and the angular momentum about the z axis; and the effective potential V (r) is given by 25) where = 0, 1 or −1 if the geodesics are, respectively, null, timelike or spacelike. We note that in (4.22) E 2 = V (r) givesṙ 2 = 0 and corresponds to circular helices along cylindrical surfaces, or to planar circles if P z = 0. We also note that unbounded geodesics for Λ = 0 remain unbounded after the introduction of any Λ = 0 so our aim here will focus on stability issues for bounded geodesics, where we also consider L z = 0.
1.
Planar geodesicsż = 0
In this case, let us consider the null and timelike geodesics, separately.
• Null geodesics = 0: For the null geodesics,
, then outgoing particles escape to infinity for Λ < 0, while they reach the outer singularity for Λ > 0. Incoming geodesics hit the axis for σ = 1/4, but for σ < 1/4, they always bounce at a minimum distance r min from the axis, where ( 3|Λ|/2)r LCmin = ( 3|Λ|r min /2)T and
, one concludes that incoming particles approach the axis with infinite speed. In turn, outgoing particles move with decreasing speed and negative acceleration, attaining a maximum distance r max from the axis, where ( 3|Λ|/2)r LCmax = ( 3|Λ|r max /2)T with r LCmax = (E/(CL z ) Σ/(4σ−1) being the value of r LCmax for Λ = 0. This shows, in a particularly simple way, that Λ > 0 decreases the maximum distance to the axis reached by the null particle, while Λ < 0 increases it. In the latter case, now with E 2 > V ∞ , outgoing null particles escape to infinity. Proposition 1. Consider null geodesics with Λ = 0, P z = 0 and L z = 0. Then, bounded geodesics are: (i) unstable, if E 2 > V ∞ , with the introduction of Λ < 0; (ii) stable, if E 2 ≤ V ∞ , with the introduction of Λ < 0; (iii) stable, with the introduction of Λ > 0.
• Timelike geodesics = 1: In this case, when σ < 1/4, for Λ = 0, since
2 P −2(1−4σ)/Σ always has a minimum, the geodesics is always confined between two nonzero radii and this is also the case for Λ < 0. On the contrary, if Λ > 0, then dV /dr = 0 does not always have a solution. In fact, for sufficiently large Λ, bounded geodesics become unbounded and converge to the r = π/ √ 3Λ singularity.
When σ ≥ 1/4, by similar methods, we prove that outgoing geodesics reach a maximum radial value before bouncing back inwards to the axial singularity and incoming particles hit the axis. Proposition 2. Consider timelike geodesics with Λ = 0 and P z = 0. Then, bounded geodesics are: (i) stable, for a sufficiently small Λ > 0; (ii) unstable, for sufficiently large Λ > 0; (iii) stable, against any value of Λ < 0.
2.
Non-planar geodesicsż = 0
• Null geodesics = 0: In this case, when σ < 1/4, for Λ = 0, the geodesics are always confined between two nonzero radii and the same happens for Λ > 0, since V (r) has a minimum and the equation
)/Σ , a null particle approaches the axis with decreasing negative acceleration and increasing speed, until it arrives at its minimum distance from the axis at E 2 = V (r), where it has vanishing speed. From there on, the null particle is reflected escaping to infinity. If E 2 < V ∞ , the equation E 2 = V (r) has two roots and the geodesics are confined between two nonzero radii.
When σ ≥ 1/4, for Λ = 0, the geodesics are always confined between two nonzero radii. If Λ < 0 and E 2 ≥ V ∞ , the null geodesics become unbounded. Otherwise, the geodesics reach a maximum.
• Timelike geodesics = 1: In this case, there is always geodesic confinement in the radial direction for Λ ≤ 0. If Λ > 0, the geodesics are only confined for σ < 1/4, in which case V (r → 0) → +∞ and
is finite, therefore, incoming particles hit the axis and outgoing particles reach a maximum distance before turning back to the axis. We summarize the results of this subsection below.
Proposition 3. Consider geodesics with P z = 0. Then, radially bounded geodesics with Λ = 0 are: (i)stable with the introduction of any Λ > 0; (ii) stable with the introduction of any Λ < 0 in the case of timelike geodesics; (iii) unstable, if E 2 ≥ V ∞ , for Λ < 0 in the case of null geodesics.
E. Instability of LT solutions
The stability of the solutions with Λ < 0 was recently studied in [136] . Consider the kind of perturbations,
where g
µν (x) is the LT solutions, and h µν = h µν (t, r, z) with 1 and x ≡ sinh(|β|r). Since the background depends only on x, one finds that h µν (t, r, z) takes the form,
27) where C(Ω, k) is determined by the initial data. It is wellknown that the spectrum of perturbations (sensitively) depends on the boundary conditions, and the choice of them is subtle here with the LT solutions. First, they are singular at the symmetry axis r = 0, except for some particular cases, as shown above. These singularities are timelike, and there is no general rule on how to impose boundary conditions at such singular points. Following the studies carried out for the vacuum LC solutions [135] , Gleiser found that if one imposes certain physically acceptable restrictions as the boundary conditions at x = 0, it is possible to define unique evolutions for arbitrary perturbations that satisfy such imposed boundary conditions. Second, the spacetime is asymptotically anti-de Sitter as x → ∞, as shown by (4.13), and this boundary is timelike. As a result, the hypersurfaces t = Constant are not Cauchy surfaces, and there always exist null geodesics that remain to the future of any given constant t hypersurface, and never intersect the hypersurface [cf. Fig.4] . Then, the future evolution of any perturbation may be arbitrarily modified by information coming from x = ∞. To overcome the second problem, following [166] , Gleiser found that under certain circumstances some boundary conditions can lead to a well-defined evolution of appropriate initial perturbation data. With such boundary conditions, he was able to show that unstable modes always exist. Then, he argued that this should be generically present in the evolution of arbitrary initial data, and concluded that the LT spacetimes with a negative cosmological constant are generically unstable under the linear gravitational perturbations.
It should be noted that the above analysis cannot be applied to the cases σ = ±1/2, as in these cases the solutions actually represent black holes, as shown in Fig.5 , and the boundary conditions should be now at the horizons X = 1, instead of the symmetry axis r = 0, while the ones at r = ∞ should be similar to what Gleiser considered. So, it would be very interesting to see if such black holes are stable or not.
Recently, the above studies were generalized to the case Λ > 0 [137] . However, due to the complexities of the perturbation equations, a similar conclusion for the general case is absent, but in all the cases analyzed unstable modes were found, which strongly suggests that all the LT spacetimes with Λ > 0 are linearly unstable under gravitational perturbations, although the problem of determining the time evolution of arbitrary initial data still remains open.
F.
Sources producing LT spacetimes
To study the LT solutions further, it is important to study the possible sources that could produce such spacetimes. In particular, the spacetime singularities are normally considered as some kind of indications that in reality they should be replaced by matter sources that produce such spacetimes [35, 38] .
Along this vein, in the case Λ > 0 the solutions are usually singular at both r = 0 and r = π/(2β). Then, one can see that at least two matter sources should exist in this case, and the LT solutions are only valid in between these two sources. Then, it is not clear what are the physical meanings of such spacetimes, if there is any. In [143] , because of the symmetry given by (4.8) it was argued that the coordinate z is more like an angular coordinate than an infinitely long axis. So, replacing z by ψ which has the range ψ ∈ [0, 2π), the LT solutions with Λ > 0 and σ ∈ [0, 1/4] were matched with the static Einstein universe,
28) along the hypersurface r = r 1 , where ∆ ≡ √ λ (r − r 0 ), A 1 , B 1 , C 1 and r 0 are real constants and are uniquely determined by the junction conditions along r = r 1 . However, as noted in [143] , the static Einstein universe can replace only one of the two singularities, and to have a singularity-free spacetime, one needs to replace the remained singularity, too.
With the static Einstein universe as an example, one may also consider r as an angular coordinate, so that the hypersurfaces r = 0 and r = π/(2β) are identical, and the two singularities become one. In fact, setting sin r − r 0 a = sin χ sin θ, tan(B 1 ψ) = tan χ cos θ, (4.29) the metric (4.28) will take the form,
where a is a constant (the radius of the static Einstein universe), and T ≡ A 1 t and Φ ≡ C 1 ϕ, with
It is clear that (4.30) represents a static universe with R × S 3 topology. One can apply a similar coordinate transformation to the LT solutions with the identifications of r = 0 and r = π/(2β). Then, one can consider the Einstein static universe as the internal spacetime of a ball with radius, say, a 1 , while the spacetime outside of the spherically symmetric ball is given by the LT solutions.
In addition, in [45] , the authors considered the matching of an elastic matter to the LT solutions and found that such a matching is possible for both Λ > 0 and Λ < 0, but it is impossible for Λ = 0. On the other hand, in [46] the matching, across cylindrical surfaces, of static cylindrically symmetric conformally flat spacetimes with a cosmological constant, satisfying regularity conditions at the axis, to an exterior LT spacetime was studied, and it was found that for Λ ≤ 0, such matching is impossible, while the one with Λ > 0 is possible.
In the case Λ < 0, for the black holes solutions (with σ = ±1/2) it was first shown [289] that they can be produced by gravitational collapse of type-II fluid [152] . In [296] , the junctions of the LT solutions with (σ − , Λ − , C − ) with the ones with (σ + , Λ + , C + ) were considered with a matter shell appearing on the matching surface.
It should be noted that the matching given in [45, 296] for Λ > 0 faces the problem that a spacetime singularity still exists at r = π/(2β) in the LT spacetime.
V. STATIC CYLINDRICAL SPACETIMES WITH PERFECT FLUIDS
Static perfect fluid distributions with cylindrical (as well as planar) symmetry are rather widely discussed in the literature. This allows for approximately considering the fields of bodies whose shape is drastically nonspherical (e.g., like rods) avoiding substantial mathematical difficulties of more general geometries. In a number of papers (see [180, 197, 236] and references therein) solutions of this kind were obtained for special choices of matter equations of state (EoS) or for some restricted forms of the metric. In [121] the problem of finding such solutions for an unspecified EoS was reduced to a single second-order ordinary differential equation with two unknown functions, and for the most frequently used EoS, p = wρ, w = const, to a first-order equation integrable only numerically. In [260] the problem was solved completely for disordered radiation (w = 1/3). In a more general form the problem was solved in [52, 65] 
Later there appeared a number of studies (e.g., [23, 162, 227] ) discussing global properties of static, cylindrically symmetric perfect fluid configurations. This actually already began in [65] , considering systems with both cylindrical and (pseudo)planar symmetries.
In the recent years, owing to new discoveries in astronomy, fluids with unusual EoS attracted much attention, including those with negative pressures and even those with w = p/ρ < −1, the so-called phantom ones. Such cylindrically symmetric distributions were considered in [56] . In this section we describe the main results of these studies mostly following [56, 65] . However, some of the relationships and observations are new.
A. General consideration
We write the static, cylindrically symmetric metric in the form (A.1)
and choose the harmonic radial coordinate such that (A.4)
Einstein's equations (1.13) for the metric (5.1) then take the following simple form: 
The conservation law ∇ µ T ν µ = 0 implies
For a cylindrically symmetric matter distribution, a natural boundary condition is regularity on the symmetry axis where r 2 ≡ e 2β = −g 33 → 0 (the coordinate circles shrink to a point). In terms of the metric (5.1), this condition reads
where the last condition is the requirement of a correct circumference to radius ratio (2π) for small coordinate circles near the axis. As to the other end of the range of x, there can be a matching condition with some external solution or some requirement to the behavior of variables as r → ∞. It is necessary to note that if the external solution is the vacuum (LC) one, then matching on the boundary requires p = 0, which restricts the choice of possible EoS. On the other hand, one could require asymptotic flatness at infinity, but this is hard to achieve since the total mass of a cylindrically symmetric configuration is, in general, infinite due to its being infinitely extended in the z direction. Even the LC metric is asymptotically flat only if it is completely flat. If cylindrical symmetry is approximate and valid only in a certain neighborhood of an extended body, then the asymptotic flatness requirement applies to regions far outside this neighborhood.
Before considering particular solutions, let us make some general observations.
If the
five unknowns β, γ, µ, ρ and p, or, equivalently, three independent Einstein equations and the hydrostatic equilibrium condition (5.8), and one unknown function may be chosen arbitrarily. This makes possible obtaining a formal general solution with an arbitrary function.
Indeed, the difference of (5.5) and (5.6) yields
Furthermore, the difference of (5.4) and (5.5) can be written as 11) and γ(x) is easily found by integration if we take η(x) as an arbitrary function. Thus the metric is completely determined. The quantities ρ(x) and p(x) are then obtained directly from Einstein's equations, and the EoS is thus found in a parametric form.
On a regular axis it should be finite µ while β → −∞, hence a 1 = 0, and the axis is located at x = +∞ if a 1 > 0 and at x = −∞ if a 1 < 0. Examples of solutions with a regular axis will be presented below.
B.
Solutions for p = wρ, the general case
With the EoS p = wρ, w = const, the condition (5.8) leads to ρ = ρ 0 e −(w+1)γ(x)/w , p = wρ 0 e −(w+1)γ(x)/w , (5.12)
for w = 0, where ρ 0 = const > 0. At w = 0 the tensor (5.7) would correspond to dust which cannot be in static equilibrium under pure gravitational forces, so we assume w = 0. From (5.5), (5.6) we have, as before, (5.10), and we take it in the form 13) where the arbitrary constant r 0 with the dimension of length will determine a length scale. Another linear combination of (5.3)-(5.6) then leads to
14)
The simpler cases 1 + 3w = 0 and 1 − w = 0 will be considered separately. Assuming that these quantities are nonzero, we can write One can show that perfect fluid distributions with p = wρ cannot behave as isolated systems in space, such as threads, tubes or cosmic strings. To verify that, let us write the corresponding conditions at spatial infinity,
The metric (5.1) has a flat or string spatial infinity as
where ξ = const. If ξ = 0, we have asymptotic flatness, at 0 < ξ < 1 there is a deficit of the angle ϕ (the surfaces z = const asymptotically behave as cones rather than planes, it is a feature of cosmic string behavior), while at ξ < 0 there is an angular excess: this is a cosmic string with negative linear density. In our solutions, if w = −1/3, from (5.15) it follows that γ can be finite while β → ∞ only if b 1 x → ∞. Assume without loss of the generality b 1 > 0, so x ∞ = ∞. Then (5.13) shows that |µ| < ∞ requires a 1 = −b 1 , and as x → ∞, η(x) ≈ b 1 x. Then the left-hand side of (5.18) tends to a constant while the right-hand side infinitely grows. This contradiction shows that our assumption was wrong, and a flat or string asymptotic behavior of our solutions is impossible.
1.
Solutions with a regular axis
Let us find explicitly, without fixing w, perfect fluid configurations with a regular symmetry axis. On such an axis we should simultaneously have β → −∞ and finite µ and γ, which is only possible if b 1 x → −∞ and a 1 + b 1 = 0. Assuming without loss of generality b 1 = −a 1 = a > 0 (so that the axis corresponds to x → −∞), we can rewrite (5.18) in the form The next step is to apply the third regularity condition (5.9), taking into account that γ (−∞) = 0 and β(−∞) = a. We obtain
where K is defined in (5.21). This completes the solution. So γ(x) is given in (5.21), while the other metric functions are
The metric takes a simpler form in terms of the new radial coordinate y = e ax , such that y = 0 is the axis and y = ∞ is spatial infinity. Rescaling the time coordinate so that g 00 = e 2γ = 1 on the axis, we obtain
,
with a given in (5.24), and the density ρ and pressure p = wρ are determined by (5.12). The solution is valid for all w ∈ (0, 1) and w < −1/7. Its properties strongly depend on w, so in what follows we discuss this dependence as well as some particular values of w. Parameters: e 2γ r 2 ρ L V E
One should notice that (5.24) is meaningless if w 2 + 6w + 1 = 0 ⇒ w = −3 ± √ 8, so the constant a cannot be determined and remains arbitrary. It means that for these values of w (approximately −0.16 and −5.84) the axis with finite γ and µ cannot be regular and is inevitably a conical-type singularity.
If w ∈ (0, 1), then both the circular radius r = √ −g 33 and the temporal metric component g 00 (y) are increasing functions, so the gravitational field attracts test particles towards the axis, while both ρ and p are positive and decrease with growing r.
However, with negative pressures (w < 0) things are much more diverse at large x (or y = e ax ). Let us present for different w the large x behavior of the metric coefficients g 00 = e 2γ (describing an attractive or repulsive nature of gravity at large x) and r 2 ≡ e 2β (squared circular radius), the fluid density, and the convergence or divergence of some integral characteristics of the solution: L = e α dx (the total length along the radial direction), V = 2π e α+µ+β dx (the total volume per unit length along the symmetry axis), and E = 2π ρ(x) e α+µ+β dx (the total fluid energy per unit length along the symmetry axis).
Note that, up to a positive constant factor,
The large x behavior of these parameters is presented in the Table II .
We see that in the range −1/3 < w < −1/7 we obtain a closed type geometry with one regular axis and another singular one. All solutions with negative pressure (w < 0) describe geometries with a finite volume of space per unit length along the axis, and in all cases under consideration the corresponding total fluid energy is finite. In the phantom range w < −1 the density grows with growing radius, much like the phantom energy behavior in cosmology.
C.
Solutions for particular values of w = p/ρ
1.
Stiff matter, w = 1
In this case, A = (7w + 1)(w − 1) = 0, and the above scheme does not work, but (5.12)-(5.14) are valid and lead to
where, as before, r 0 = const specifies the length scale, while from (5.4) we get the equation aγ (x)+(a 1 +b 1 )b 1 = κρ 0 e 2ax for γ(x), whence (provided a = 0)
If a = 0 (that is, a 1 = −2b 1 ), then (5.4) reduces to a relation between constants, −2b From the third axis regularity condition (5.9) it follows a = 1, and the solution with a regular axis even more simplifies. It is conveniently written in terms of the coordinate r = r 0 e x :
Consider the fluid energy distribution in stiff matter for the solution (5.25), (5.26). The density is T 0 0 = ρ = ρ 0 at r = 0, and it quickly decays as r → ∞, being thus localized near the axis. Let us find the energy per unit length along the z axis:
where
2α+2β+2µ is the determinant of the spatial metric, and G is the Newtonian gravitational constant. Thus the total energy per unit length along z does not depend on ρ 0 and is of the order of Planck linear density.
2.
Disordered radiation, w = 1/3
It is a special case of the above general solution: in particular, A = −20/9, B = −10/3. From (5.13)-(5.18) we find
where a = a 1 + 2b 1 and e γ(x) is found using (5.18) as:
A regular axis at x = −∞ is obtained with a 1 + b 1 = 0, a = b 1 > 0, and the third regularity condition (5.9) requires a special value of a. Indeed, as x → −∞, In terms of y = e ax , so that 0 < y < ∞, we obtain the metric (5.26) with s 0 = 6/5, s 1 = 2/5,
so that
This solution coincides with the one presented in [52, 65, 260] . The fluid energy density ρ is finite on the regular axis and vanishes as y → +∞. The total fluid energy per unit coordinate length ∆z along the z axis is finite: However, since e µ = (1+y 2 ) −1/5 vanishes at large y, this finite energy belongs to a vanishing asymptotic length e µ ∆z, and it looks meaningless to speak of its localization.
3.
A gas of cosmic strings, w = −1/3
It is a special case excluded in (5.15)-(5.18), but we can use (5.12)-(5.14) and write (choosing proper scales along the z and t axes)
where, as before, r 0 is an arbitrary length scale. Substituting this into (5.4), we obtain an equation for β(x):
preserving the previous notation a = a 1 + 2b 1 . Already from (5.36) we can conclude that a regular axis is impossible in this system. Indeed, since on such an axis |γ| < ∞, it should correspond to finite x. But then it is impossible to have simultaneously |µ| < ∞ and β → −∞. Equation (5.37) can be rewritten as (c) If a 1 b 1 = 0, then h = |a| > 0, hence there is a singular axis on one end and a finite radius on the other, r = e β → const, where, however, either µ(x) or γ(x) tends to infinity, depending on which of the constants a 1 , b 1 is nonzero and which sign it has. Thus a gas of disordered cosmic strings can create different geometries depending on the parameter values, which actually express different boundary conditions. However, none of these geometries is nonsingular.
4.
A cosmological constant, w = −1
In this case, ρ = −p = Λ/κ = const. It is again a special case of the general solution, such that A = 12, B = 6, and η = 3γ + ax. We have
α(x) = 3γ(x) + ax + ln r 0 , a = a 1 + 2b 1 .
(5.44)
The function γ(x) is found from (5.18) which now reads In terms of the coordinate y = e ax , ranging from zero to infinity, the metric reads
One could also easily describe examples of solutions with phantom matter: w < −1, but this will hardly add anything significant to the description of the more general solution (5.23)-(5.26).
D. Some further results
In this subsection we mention some results on perfect fluids in static, cylindrically symmetric spacetimes, related to the content of the present section but go beyond it.
Much effort has been devoted to finding the conditions of matching cylindrical perfect fluid distributions with external LC spacetime and an analysis of global properties of the obtained configuration. This problem was already discussed in section 2, but here we find it appropriate to add some discussion.
Thus, in particular, in [227] it is shown that matching is possible for −1/2 < σ < 1/2, (σ is the LC solution parameter) but σ < 0 corresponds to a negative fluid density. Global properties of cylindrical spacetimes are discussed in [23] , where analytical and numerical solutions have been obtained for an incompressible fluid. The existence and uniqueness of global solutions are shown for rather general fluid EoS admitting nonvanishing density at zero pressure. In [162] , it is shown that conformally flat internal solutions cannot be matched to an LC exterior.
An interesting result is presented in [123] : assuming that there is a regular axis, that the fluid has a nonnegative density and that the integral dp/(ρ+p) from zero to the pressure value on the axis converges, it is proven that at some finite radius the pressure is zero, hence the fluid distribution is finite in the radial direction and can be matched with the LC vacuum solution. It generalizes a theorem from [23] . Note that for fluid distributions with w > 0 described above this integral diverges, and this matching is impossible. On the other hand, as we saw, fluids with w < −1/7 create spaces of finite 3-volume, fill the whole space, and the total fluid energy per unit length along the axis is finite.
A number of papers discuss cylindrically symmetric perfect fluid distributions, which can be charged or neutral, in the presence of scalar or/and electromagnetic fields [52, 65, 175] . In [52, 65] , it is shown how to obtain perfect fluid solutions with elecrtomagnetic fields of three possible directions admitted by the symmetry (see section 3) as well as scalar fields using the inverse problem method, starting with certain combinations of metric functions which can be chosen by hand. This freedom is related to arbitrariness of the EoS and electric charge or current or scalar charge distributions. The regular axis conditions are also discussed there. In [175] different kinds of electrically and scalarly charged cylindrically symmetric perfect fluid distributions are discussed both in static and stationary spacetimes, a number of exact solutions are found and analyzed.
It is known that dust (p = 0) without charges cannot maintain static equilibrium in its own gravitational field. However, for electrically or scalarly charged dust it is possible, and the corresponding solutions, in particular, cylindrically symmetric ones, are known [60, 61, 195, 221] . According to [195, 221] , such static equilibrium configurations of arbitrary shape can only exist if the mass density is everywhere equal (in proper units) to the absolute value of the electric charge density: in this way, the electric repulsion exactly balances the gravitational attraction. However [60, 61] in the presence of a scalar field with its charge density, the situation is not so strictly determined, and an equilibrium is possible with different relationships between the charge densities. Also, in the framework of dilaton gravity (general relativity coupled to dust, scalar and electromagnetic fields, and the latter two interact in a gauge-invariant way) it has been shown that cylindrical black holes are possible, but cannot exist without negative energy density somewhere in space.
These are some important results concerning static, cylindrically symmetric perfect fluid distributions in general relativity.
VI.
LEWIS VACUUM SPACETIME
A. Stationary cylindrical vacuum spacetime
The extension of the LC static cylindrically symmetric vacuum spacetime to a stationary cylindrically symmetric vacuum spacetime was obtained independently by Lanczos in 1924 [182] and Lewis in 1932 [188] . We describe the spacetime by the general cylindrically symmetric stationary metric
where f , k, µ and l are functions only of r. The ranges of the coordinates are −∞ < t < ∞ for the time, 0 ≤ r < ∞ the radial coordinate, −∞ < z < ∞ the axial coordinate and 0 ≤ φ ≤ 2π the angular coordinate with the hypersurfaces φ = 0 and φ = 2π being identified. The coordinates are numbered x 0 = t, x 1 = r, x 2 = z and x 3 = φ. The general vacuum solution R αβ = 0 for the metric (6.1), in the notation given by [103] and [107] , is
The constants n, a, b and c can be either real or complex, and the corresponding solutions belong to the Weyl class or Lewis class, respectively. For the Lewis class these constants are given by
where m, a 1 , a 2 , b 1 and b 2 are real constants satisfying
The metric coefficients (6.2) with (6.3) become [107, 188] f = r(a A simple deduction of Lewis metric, where one does not need to consider complex parameters to obtain the Lewis class, is given in [131] . There it is given too a mechanical interpretation of the field equations which permits to get some understanding of the four parameters appearing in the Lewis solution (6.2). Another derivation of Lewis metric is given in [192] where it is extended to Einstein spaces by including the cosmological constant. It is found that three parameters are essential, of which one characterizes the local gravitational field, while the remaining two give information about the topological identification made to produce cylindrical symmetry.
In Newtonian physics the potential due to a cylindrical matter source, being static or stationary is the same depending of only one parameter, the mass per unit length. For the static vacuum cylindrical field in GR the solution is the LC metric, the one we saw in section 2, revealing two essential parameters, while for the stationary cylindrical rotating source it has, in its usual form, four parameters reducible to three essential parameters [192] .
In the next subsection we study the meaning of the parameters appearing in (6.2) .
B.
The parameters of the Weyl class
The transformation [39] dτ = √ a(dt + bdφ), (6.6)
casts the metric (6.1) with (6.2) into
This is locally the LC metric. Nevertheless, since φ = 0 and φ = 2π are identified, τ defined in (6.6) attains a periodic nature unless b = 0 [39] . On the other hand, the new coordinateφ ranges from −∞ to ∞. A more detailed account of this subject can be found in [252] . In order to globally transform the Weyl class of the Lewis metric into the static LC metric we have to make b = 0 and c = 0. Note that in this case, from the transformations (6.6) and (6.7), τ andφ become respectively true time and angular coordinates. Hence we can say that b and c are responsible for the non-staticity of this family of solutins of the Lewis metric.
The, so-called, Cartan scalars produce the local characterization of a metric. They are obtained through the components of the Riemann tensor and its covariant derivatives calculated in a constant frame. Two metrics are equivalent if and only if there exist coordinate and Lorentz transformations which transform the Cartan scalars of one of the metrics into the Cartan scalars of the other. By performing these calculations for both metrics, the LC metric and the Weyl class of the Lewis metric, we obtain that both are equivalent locally and indistinguishable, which confirms the coordinate analysis made at the beginning of this subsection. Furthermore, we showed that only the parameter n curves spacetime for both, static and stationary Weyl class, metrics. However, we shall see that the two metrics possess very different topological behaviour.
Details of the calculations of the Cartan scalars are given in [103] .
Considering a cylindrical matter source for the Weyl class metric consisting of a rigidly rotating anisotropic fluid one of Einstein's field equations can be integrated. This integration produces f k ,r − kf ,r = ξr, (6.9) where the commas stand for differentiation with respect to r and ξ is an integration constant. Calculating the rotation of the source as given in [103, 253] produces its rotation magnitude given by ξ/(2f e µ/2 ). Now using the matching conditions on the surface of the source cylinder as given by Darmois [101] we finally have
Hence we have from (6.10) that the parameter c measures the rotation of the cylindrical source. In the Newtonian limit, the velocity term is negligible, then from (6.10) c ≈ 0, and recalling (6.2) f = e 2U , (6.11) then the Newtonian potential is U = 2σ ln r + 1 2 ln a, (6.12) where σ is given by
In Newtonian theory, (6.12) is the gravitational potential of an infinite uniform line mass with mass per unit length σ. The constant (ln a)/2 represents the constant arbitrary potential that exists in the Newtonian solution. The metric (6.2) has infinite curvature, according to its Cartan scalars, only at r = 0 for all n except n = ±1, i.e., σ = 0 and 1/2. Thus the Weyl class metric has a singularity along the axis r = 0, then we can say that this spacetime is generated by an infinite uniform line source for 0 < σ < 1/2. Considering the static limit for the Weyl class metric, when n = 1 (σ = 0) and b = c = 0, we have from (6.2)
which is the limit of the LC metric when σ = 0. In section 2 it has been pointed that it generates strings when a > 1 with mass per unit length µ = δ/4 and how a is directly linked to the gravitational analog of the Aharonov-Bohm effect [115] . Considering c = 0 and n = 1 (σ = 0) in (6.2) we have
(6.15) producing a locally flat spacetime. In this case (6.15) represents the exterior spacetime of a spinning string along the axis of symmetry [168] with the same mass per unit length µ = δ/4 but with angular momentum J given by
It has been shown [168] that a quantum scalar particle moving around a spinning cosmic string as given by (6.15) , exhibits a phase factor proportional to J, in its angular momentum. It is a reminiscence of the AharonovBohm effect. It is also worth mentioning that even if b = 0, an Aharonov-Bohm like effect (of a different kind) appears (as commented in the static case), since the angular momentum spectrum differs from the usual one, if only a > 1.
C. Geodesics for the Weyl class
For the Weyl class metric (6.1) with (6.2) being all real parameters we have for circular geodesics [160] ṙ =ż = 0 and f ,rṫ 2 − 2k ,rṫφ − l ,rφ 2 = 0 where the dot stands for differentiation with respect to s. The geodesic angular velocity is defined by ω =φ/ṫ and its tangential velocity nonzero components are W t = kω/(f 3/2 − √ f kω) and
. For ω and W we obtain
where ω 0 is the LC angular velocity and W 0 is the LC tangential velocity,
We note that ω and W vanish for ω 0 = ∓c/n and W 0 = ∓cr n /na, respectively, which are equivalent, therefore, the free particle is in this case simply static in the spatial coordinate under consideration. This could come about if the "centrifugal repulsion" balances the gravitational attraction.
The geodetic motion of a particle along the axis of symmetry z for metric (6.1) produces
It is interesting to note that for this geodesic the parameters b and c, due to the stationarity of spacetime, do not appear in (6.19) and in fact it is indistinguishable from the static limit of LC spacetime. There is a force that tends to damp the motion along the axis,z < 0, whenever the particle approaches the axis,ṙ < 0, and reverses this tendency in the opposite case. In the flat case, n = 1 or σ = 0, such an effect vanishes, exposing its non-Newtonian nature. For quasi-spherical objects it has been shown [157] that positive radial acceleration can be produced along its axis of symmetry.
It is also worth noticing that non-Newtonian forces, parallel to the z axis, also appear in the field of axially symmetric rotating bodies [36] . However, the force parallel to z in [36] , unlike our case, is directly related to the spin of the source. For the Kerr black hole, it is shown, that particles, produced by a Penrose process, can be ejected from the ergosphere surface, covering the black hole, through repulsive gravitational fields. In this case too, unlike in the Lewis spacetime, the gravitational repulsion is created by the spin of the Kerr black hole. These ejected particles are highly collimated and might be a mechanism for the observed extragalactic jets [132] [133] [134] 220] .
D. The parameters of the Lewis class
Using the transformation
the metric (6.5) can be diagonalized. In order to have an integral coordinate transformation ω must be constant; therefore, from (6.5), m = 0. This implies, from (6.3), that n = 0 and c = 0. Thus the line element becomes
This is a particular case of the static LC metric with the energy density per unit length σ given by (6.13) equals 1/4. Nevertheless, the transformation (6.20) is not global, since the new coordinateφ ranges from −∞ to ∞, instead of ranging from 0 to 2π [103, 252] . Considering, as for the source of the Weyl class, a rigidly rotating anisotropic fluid, one of the Einstein field equations can be integrated producing (6.9). With (6.5) the matching conditions given by Darmois [101] give ξ = −m(a In the latter the vanishing of the rotation yields a locally LC spacetime, whereas in the former the vanishing of the rotation does not necessarily imply that the metric can be reduced to a globaly or locally static spacetime.
For the Cartan scalars that produce the local characterization of a metric, we have the following results for the Lewis class.
For the Lewis class as in the Weyl class, only the constant n appears in the Cartan scalars. Nevertheless, n must be substituted by its complex value (6.3) im. However, contrary to the Weyl class, the Cartan scalars for the Lewis class are distinguishable from the LC metric, except for m = 0. Furthermore, there is no value of m for which the Cartan scalars are all zero, implying at once that the Lewis class does not include the Minkowski spacetime as a special case. This fact implies too that there must be a lower limit to the energy per unit length of its source. The Cartan scalars impose a superior limit on he parameter m, given by m ≤ √ 3, (6.24) since for larger values of m than this, the singularity is at r = ∞ and not at r = 0.
E. Sources producing Lewis spacetime
In a fine paper, well ahead of his time, as observed by Bill Bonnor [34] , in 1937 van Stockum [268] completely solved the problem of a rigidly rotating infinitely long cylinder of dust, including the application of adequate boundary conditions. The solution is a remarkable one. The metric for the interior is simple and unique, depending on one parameter, w in our notation. But for the vacuum exterior, r > R, where R is the coordinate radius of the cylinder, there are three cases depending on the mass per unit length of the interior. For the metric (6.1) we have the following results.
Case wR < 1/2:
, l = r α sinh(2N ln r), (6.25) with,
Case wR > 1/2:
, l = r α cos(2N ln r), (6.27) with,
For the case wR = 1/2 one obtains the relations from the limits either from wR < 1/2 or wR > 1/2 which are equal. The solution for wR < 1/2 belongs to the Weyl class and its real parameters n, a, b and c assume the values
The solution wR > 1/2 belongs to the Lewis class and its real parameters m, a 1 , a 2 , b 1 and b 2 assume the values
For the Weyl class we have the Newtonian mass per unit length given by σ = (1 − n)/4, which implies, for case wR < 1/2, from (6.29),
Hence (6.31) establishes a lower limit for σ in the Lewis class and being σ = 1/4. This value σ = 1/4 is the frontier between the Weyl class metric and the Lewis class metric, at least for the rotating dust solution obtained by van Stockum [268] . For the Lewis class metric the Cartan scalars, as it was remarked, do not admit Minkowski spacetime. This is in accordance with the existence of a lower limit for σ in the van Stockum solution wR > 1/2, since with a lower limit the source cannot be made a vacuum, and therefore the exterior solution cannot be Minkowski.
The Cartan scalars also impose a superior limit on the parameter m, given by
since for values of m larger than this, the singularity is at r = ∞ and not in r = 0. When we substitute this value in (6.30), considering the equality, we have wR = 1. Van Stockum solution is studied at length in [34] , its properties concerning gravitoelectric and gravitomagnetic fields in [36] , its confinement properties in [219] , its extension to nonrigid rotation in [40] . A range of stationary cylindrically symmetric perfect fluids sources are presented in [253] , a rigidly rotating dust coupled with a thin disk is found in [108] , and an anisotropic cylindrical stationary source can be found in [109] .
Another source that consists of an infinitely rotating thin shell was constructed in [224] , in which the spacetime inside the shell is a constantly rotating Minkowski spacetime so the symmetry axis is well defined, and the shell satisfies all the energy conditions, the weak, strong and dominant [152] . Later, this problem was studied in details in [105] , and shown explicitly that the parameters a appearing in (6.2) and σ defined in (6.13) must be restricted to the ranges 0 ≤ σ ≤ 1/4 for a > 0 or 1/4 ≤ σ ≤ 1/2 for a < 0, in order to have no CTC's outside of the shell and meanwhile all the energy conditions hold.
F. Rotation and translation of cylinders
In GR we show that the vacuum field produced by a rotating mass cylinder is mathematically closely related to the field produced by a translating mass cylinder along its axis of symmetry. Nonetheless, its physical and geometrical properties differ significantly since the relativistic frame dragging for rotation and translation physically differ considerably.
We assume the general cylindrically symmetric metric with its source translating parallel to its axis of symmetry given by
with the usual properties of its coordinates and A, K, B and C functions only of ρ. Making ρ = e r and after rescaling, the metric (6.33) can be written as
The general vacuum solution for (6.34), with the z and φ interchanged is the stationary Lewis metric. So, the vacuum solution corresponding to (6.33) is simply the Lewis solution with the coordinates z and φ interchanged. Hence the metric coefficients in (6.34) are the same as in (6.2).
In spite of the mathematical similarity between the vacuum solutions for the fields produced by rotating and translating cylinder filled with perfect fluid they differ substantially. Unlike the rotating case, the translating cylinder cannot be filled with pressure free dust, as there is nothing here equivalent to a centrifugal force that would prevent the matter collapsing to the axis. The pressure must therefore be nonzero. Furthermore, unlike the rotating case where matter can be rigidly rotating, which means with shear free rotation, the translating matter case if translating rigidly can always be transformed to a frame where the system is static [145] .
The field of a cylinder of matter that is in translational motion along its length has not been considered until now, and any differences with the static case are unknown. It is therefore of interest to determine whether or not frames are dragged by motion along the cylinder in a way similar to that in which they are dragged around it.
VII. LEWIS VACUUM SPACETIME COUPLED WITH A COSMOLOGICAL CONSTANT
A. Stationary cylindrical vacuum spacetime with cosmological constant
Santos [238] in 1993 gave a set of solutions for stationary cylindrically symmetric spacetimes of the Lewis [188] form, published in 1932, with a cosmological constant. Krasinski [177] had previously given these solutions in 1975, in a different form by using coordinates in which the static limit is hard to obtain. The solutions obtained by Santos are reexamined by MacCallum and Santos [192] in 1998 where they make some remarks on the problem of the definition of cylindrical symmetry and they find too the essential parameters of the solutions.
The solutions in [192] are presented in a slightly different form as compared to [238] .
We consider the general cylindrically symmetric spacetime metric in the form
where f , k, µ and l are functions of r only. The ranges of the coordinates are −∞ < t < ∞ for the time, 0 ≤ r < ∞ for the radial coordinate, −∞ < z < ∞ for the axial coordinate and 0 ≤ φ ≤ 2π for the angular coordinate with the hypersurfaces φ = 0 and φ = 2π being identified. The general solution for Einstein's equations for (7.1), in the notation of [192] , is
2)
where the distinct metric solutions are given by
3)
with, respectively,
the constants p j with j = 0, 2, 3 satisfy
with η = −1, 0, 1, 1, 1, respectively, for (7.3-7.7). Note that for η = 0 the only real solution is p j = 1/3 for all j; other cases with η = 0 and all cases with η = −1, will have complex values of p j . The resulting general metric for a stationary cylindrically symmetris Einstein space can be assumed with, say, p 2 to be real, which leaves with the possibility of complex p 0 and p 3 . The periodic character of φ can be taken to be specified by the parameters T 2 and X 2 . Hence the essential parameters describing the metric (7.2) are T 2 , X 2 , p 2 and the cosmological constant Λ. The inessential free parameters T 1 , X 1 , R and Z may be required in order to match the metric to an interior by using the appropriate matching conditions. The case k = 0 in (7.2) is reducible to the static cylindrically symmetric LT solutions studied in section IV. For further analysis of the limits and properties of the metric (7.2) see [192] .
B.
A source producing stationary cylindrical vacuum spacetime with cosmological constant Bonnor at al [39] and Griffiths and Santos [144] have identified a family of compound spacetimes for which the interior of an infinite cylinder of finite radius is described by the Gödel solution [138] . They showed that this can be matched to a vacuum exterior obtained by Santos [238] . The resulting spacetime is cylindrically symmetric and stationary.
The perfect fluid solution obtained by Gödel [138] can be expressed in comoving coordinates in the cylindrical form
where ω is an arbitrary constant and the cordinates r, φ and z have the same range as in (7.1). The coordinate r may be interpreted as the proper distance from a regular axis at r = 0, and the rotational symmetry of the metric (7.14) about the axis can be clearly seen. The fluid four velocity is u α = (u t , 0, 0, 0), and the constant mass density ρ (the pressure p = 0) and cosmological constant Λ are given by
This implies that the fluid density is positive and the cosmological constant negative. The metric has no curvature singularities and its form explicitly reduces to a vacuum Minkowski spacetime in the slow rotation limit as ω → 0. This solution may be interpreted as describing a homogeneous spacetime with a fluid source that is rigidly rotating. In the Newtonian analogue of such a situation, relative to any point, there will exist a cylinder of finite radius around the axis of rotation on which the particles of the fluid would move at the speed of light. For all points outside this cylinder, the particles of the classical fluid will be moving faster than light. Such a situation is not possible in a relativistic theory, but this feature is reflected in the appearance of CTCs. In fact, it can be seen from (7.14) that curves on which t, r and z are constant are either spacelike or timelike according to whether sinh 2 (ωr) is, respectively, less than or greater than 1. They are null when ωr 1 = 2 √ 2. Moreover, since φ = 2π is identified with φ = 0, these are CTCs whenever r is larger than this value, but they are not geodesics. Hence we consider that for the interior cylinder ωr < 2 √ 2. Now we consider the matching of an interior cylinder filled with a Gödel fluid with its cylindrical surface described by its proper radius 0 < r S < r 1 and for its exterior spacetime (7.1) with r S < r < ∞. Both proper radii in (7.1) and (7.14) are taken to be equal. Then, according to the Lichnerowicz matching conditions, the metric functions and their derivatives must be continuous across the junction r S . By performing these long calculations one obtains the different parameters of (7.1) expressed in terms of the radius r S and the cosmological constant Λ. It can be shown that asymptotically the spacetime becomes the anti-de Sitter one, which is what one might expect. Furthermore, this stationary system is expected to be qualitatively similar to the van Stockum solution studied in section VI. For the details of the calculations concerning this model see [39] and [144] .
Note that the Gödel solution given by (7.14) belongs to one of the two classes of solutions found by Wright in [288] . The other class of Wright solutions contains five free parameters. In [223] , it was shown, however, after some physical conditions are imposed, that three of the five parameters are fixed and then the Wright solutions reduce to those of Lanczos [182] , which represents the gravitational field of a rigidly rotating dust cylinder coupled with a cosmological constant.
In addition, the geodesic motion of test particles in the Lanczos spacetime was studied in [223] , and the effects of the cosmological constant on the motion were investigated. In particular, it was found that confinement occurs quite generally in the radial direction, whereas the motion in the axial direction is free. The possible relevance of the confinement to extragalactic jet formation was also considered.
VIII. CYLINDRICAL WORMHOLES
The possibility of unusual spacetime geometries was notices by researchers as soon as the gravitational field was identified with curvature in Einstein's theory. Flamm [124] already in 1916 noticed that the spatial part of Schwarzschild's spacetime describes a kind of tunnel between two flat asymptotic regions, a configuration now called a wormhole after the suggestion of Wheeler [286] who also introduced the concept of spacetime foam on extremely small length scales. Nowadays, wormholes, although not yet discovered in Nature or constructed artificially, are one of actively discussed subjects in gravitational physics both due to their properties of interest (e.g., as possible distance shortcuts, time machines, agents in quantum entanglements, etc.) and in connection with such fundamental issues as energy conditions and topological censorship [126, 127, 208, 270] . Possible observable effects of wormholes in astronomy are studied in a number of papers [57, 112, 150, 174] , see also references therein. More general reviews can be found in [70, 190, 191, 270] .
One of the main problems in wormhole physsics in GR is the necessity of "exotic", or phantom matter for wormhole existence, violating the Weak Energy Condition (WEC) and its part, the Null Energy Condition (NEC), at least near a wormhole throat (the narrowest place). This result is known for a long time [191, 208, 280] , at least for static wormholes with compact throats of finite area and for asymptotically flat spacetimes. [126] .
In theories extending GR, it is possible to find wormhole solutions without exotic matter, replacing it with geometric or field quantities that are absent in GR, e.g., in Einstein-Cartan theory [55, 165] , theories involving the Gauss-Bonnet invariant [62] , multidimensional models [63, 193] , etc. However, if we adhere to GR, which is justified by its excellent experimental status, then a question of interest is whether or not it is possible to obtain phantom-free wormholes by abandoning some conditions of the firmly established theorems. Meanwhile, asymptotic flatness is a necessary requirement if a wormhole is expected to be observable from distant regions with small curvature.
Some phantom-free wormhole solutions in GR can be recalled, beginning with Kerr's metric with a large angular momentum and Zipoy's static vacuum solution [295] as well as their electromagnetic and scalar extensions [59, 205] , but all of them possess a naked ring singularity that bounds a disk playing the role of a throat. Therefore, despite their asymptotic flatness, they can hardly be welcomed. Others [8, 77] , being phantom-free, lack asymptotic flatness. All such shortcomings may probably be interpreted as signs of the topological censorship.
Cylindrical symmetry seems to be a way to avoid topological censorship because, even assuming asymptotic flatness in the radial (r) direction, we have no such flatness in the longitudinal one, z, since at large |z| spacetime at given r remains equally curved as it was at small r. And, provided the system is t-independent (stationary), the same is true for the null (z, t) direction. So, there is hope to obtain phantom-free wormholes, asymptotically flat in the radial direction.
Among numerous known cylindrical wormhole solutions in GR (see, among others, [54, 58, [66] [67] [68] [69] and references therein) many are phantom-free but none are asymptotically flat, for the same reason for which the LC vacuum solution is only asymptotically flat if it is flat. To solve the problem, the following construction was suggested [66] : a central wormhole region with a throat, surrounded on both sides by Minkowski regions, matched through thin cylindrical shells Σ − and Σ + . These shells will possess nonzero densities and pressures, their SETs being determined by jumps of the extrinsic curvature according to the well-known Darmois-Israel formalism. A phantom-free model will be obtained if in the internal region and on the two surfaces all SETs respect the WEC.
In this section we will describe the conditions on the geometry and SETs of matter for obtaining static or stationary (rotating) cylindrically symmetric wormhole con-figurations and present some particular configurations. Among them are two examples of rotating phantom-free wormhole models, asymptotically flat on both sides of the throat.
A. Wormhole definitions and existence conditions
We begin with the stationary cylindrically symmetric metric
where x, z ∈ R and ϕ ∈ [0, 2π) are the radial, longitudinal and angular coordinates. The coordinate x is specified up to a reparametrization x → f (x), so its range depends on both its choice (the "gauge") and the geometry itself. It differs from (6.1)
) and in that we here preserve gauge freedom whereas in (6.1) the gauge (in the present notations) is chosen as α = µ. The quantity r = e β has the meaning of circular radius. The off-diagonal component E corresponds to rotation, unless E e −2γ = const, in which case one can make E = 0 by redefining (resynchronizing) the time coordinate. If E = 0, the metric (8.1) is static and coincides with (A.1).
The metric (8.1) is said to describe a wormhole if either (i) the circular radius r(x) = e β(x) has a regular minimum (the corresponding surface x = const is called an r-throat) and is large or infinite far from this minimum or (ii) the same is true for the area function a(x) = e µ+β (its minimum defines an a-throat) [66, 69] . For certainty, we choose the definition connected with the radius r(x), looking more evident: while moving to smaller r, we approach a would-be symmetry axis r = 0, but, instead, reach a minimum of r and observe its subsequent growth, paying no attention to what happens to the z scale.
Asymptotic flatness in some limit of x implies r → ∞, finite limits of γ, µ and E (thus no rotation) and e −α r → 1 to provide a Euclidean shape of large circles. It is clear that if a wormhole is asymptotically flat on both extremes of the x range, it contains both r-and a-throats.
In the static case, assuming the most general SET of matter compatible with the symmetry,
and using the expressions (A.2) for the Ricci tensor components, it is easy to show [69] that at an a-throat near a minimum of e β+µ one should inevitably have Thus in the static case we can have phantom-free wormhole solutions in the above sense but without twoside asymptotic flatness.
Apart from asymptotic flatness, other restrictions also follow from combinations of (8.8), for example, the following no-go theorem [69] :
A static, cylindrically symmetric wormhole, mirrorsymmetric with respect to its throat, cannot exist in GR with matter whose SET satisfies the conditions T Consequently, from (8.5) we find,
The nontrivial components of Einstein's equations in the form
where we use the notations
From (8.8) it follows [66] that the diagonal components of the Ricci (R ν µ ) and Einstein (G ν µ ) tensors split into those for the static metric (8.1) with E = 0 plus contributions involving ω: [66, 67, 179] .
By (8.8) , if the diagonal components of Einstein's equations are solved, their only off-diagonal component is automatically fulfilled.
B. Examples of static wormholes
A number of such examples are presented in [69] . Let us here mention two of them. The first is with an azimuthal magnetic field, see (3.24) , (3.25) in the case b > k. The solution is neither asymptotically flat nor regular, with the magnetic induction B and curvature invariants blowing up as u → −∞.
Wormhole solutions have also been obtained with nonlinear electromagnetic fields with Lagrangians L e = L(F ), F = F µν F µν [71] . Their properties can be more diverse, but there are restrictions following from the field equations. For example, a flat asymptotic region can appear only on one side of the throat and, moreover, only at the expense of a non-Maxwell behavior of L(F ) at small F [71] .
Another example concerns a massless scalar field Φ with the Lagrangian L s = εg µν Φ ,µ Φ ,ν in the presence of a cosmological constant Λ = −3λ 2 < 0 (λ > 0), where ε = 1 corresponds to a canonical scalar and ε = −1 to a phantom one. Then the field equations for the metric (8.1) with E = 0, in the harmonic gauge α = β + γ + µ, have the family of solutions [69] 
where A, B, C, h are integration constants related by
Among them, wormhole solutions are those where β(x) → ∞ on both ends of the range of x. Assuming x > 0, we see that as u → 0 we have β → ∞ for any values of the constants. Let us look when β → ∞ at large x With a normal scalar field, ε = 1, we have h > 0, C = 0, x ∈ R + , and α ≈ −hx ⇒ 3β ≈ (3A + 3B − h)x, and we obtain a wormhole if A + B > h/3. The metric can be written as
(8.13)
Other wormhole solutions are obtained with h ≤ 0. Thus, if h < 0, then x ∈ (0, π/|h|), and all metric functions α, β, γ, µ, being governed by sin(|h|x), tend to infinity on both ends of this range, where repulsive singularities occur.
Among these solutions, there is a symmetric subfamily: it corresponds to ε = −1, C = 0, A = B = 0, h < 0. In accord with the above said, it has negative energy density, T 0 0 = −Φ 2 e −2α +Λ/κ. In terms of the Gaussian coordinate l = (1/λ) log tan(hx/2) (l ∈ R is a length in the radial direction), the metric in this case can be written as
Examples of rotating wormholes
Assuming E = 0 and ω = 0, we return to (8.6)-(8.8) and see, in particular, that (8.6) is incompatible with asymptotic flatness since finite values of γ(x) and µ(x) imply finite ω. Accordingly, among numerous known rotating cylindrical wormhole solutions, none are asymptotically flat, and to obtain configurations potentially observable by astronomers, one has to use matching with external regions on some surfaces Σ ± as described above.
Furthermore, in a phantom-free model, all involved SETs should respect the WEC, and it is a separate challenge to find such solutions. For example, it has been shown [54, 66] that a construction with two external Minkowski regions around a wormhole region does not lead to phantom-free models: the SET on at least one of the shells Σ ± violates the WEC, if the SET of matter filling the internal wormhole region has the property T 0 0 = T 3 3 . This no-go theorem [54] was proved by analyzing the matching conditions using the solution of the equation
Weak energy condition on a junction surface
In the following, we will present two examples of models that solve the problem designated above. But before that we formulate a convenient criterion of WEC fulfillment on a junction cylinder Σ (x = The material content of Σ is found using the DarmoisIsrael formalism [21, 167] in terms of discontinuities of the extrinsic curvature of Σ. 
where σ s is the surface energy density and ξ a an arbitrary null vector on Σ. The second inequality makes the content of the NEC as a part of the WEC, and taken together, they provide σ s ≥ 0 in any reference frame on Σ.
The condition σ s ≥ 0 is easily found and reads
The radial coordinates x can be chosen in different ways in D + and D − , and the prime denotes a coordinate derivative defined for each region separately. The NEC should hold for any null vector ξ a on Σ. However, instead of directly verifying this, we can note that the WEC holds if in a comoving reference frame the density σ s and the pressures p i in all directions satisfy the inequalities
A difficulty is that Σ is in general not described in a comoving frame, but the needed quantities can be found as eigenvalues of S ab written in an orthonormal frame. In this way we obtain the following WEC criterion [58, 68] :
Minkowski regions
If we place Minkowski regions M ± around "internal" rotating wormhole regions, we must take the Minkowski metric in a rotating reference frame. To do so, in the inertial-frame metric ds
we substitute ϕ → ϕ+Ωt (Ω = const is the angular velocity) to obtain
The relevant quantities in the notations of (8.1) are
This metric is stationary and suitable for matching if |X| < 1/|Ω|, so that the linear rotational velocity is smaller than c.
3.
A model with stiff matter, p = ρ
The perfect fluid with p = ρ is a maximally stiff matter compatible with causality, where the velocities of sound and light coincide. This circumstance makes easier finding exact solutions, including wave and inhomogeneous ones [53] ; stiff matter also finds various applications in cosmology, see, e.g., [44, 217] and references therein.
A rotating wormhole solution with such a fluid reads [58] 
The solution contains an arbitrary time scale factor P > 0 and integration constants k and ω 0 . It is regular in the whole range y ∈ R, but at y 2 > k 2 it has g 33 > 0, so that ϕ-circles are CTCs.
Consider matching with the Minkowski metric (8.22) on Σ + (y = y 0 > 0, X = X 0 > 0). The matching conditions yield (8.25) where the index "zero" near X and y is omitted without risk of confusion. We have six system parameters: four (P, k, ω 0 , y) from the internal metric (8.24) and two (Ω, X) from the external one. Choosing three of them as independent ones: X = X 0 (having the dimension of length), y = y 0 and P , we obtain from (8.25 )
(8.26) As a result, the quantities a, b, c, d from (8.21) are expressed as
The factor 1/X is common and irrelevant for the inequalities of interest. An inspection shows that under the condition
the inequalities (8.20) are satisfied. What changes on Σ − specified by X = −X 0 < 0 and y = −y 0 < 0? The common factor 1/X becomes negative. But the signs of all discontinuities also change: while on Σ + we had [f ] = f out − f in for any f , on Σ − we have the opposite. Therefore, the WEC requirements do not change and hold with (8.28) applied to |y| instead of y. Thus we have obtained a completely phantom-free wormhole model.
We also notice that (8.26) implies y 2 0 < k 2 , hence y 2 < k 2 in the whole internal region, and there are no CTCs.
A model with an anisotropic fluid
One more model was obtained in [68] with the SET (8.29) describing an anisotropic fluid chosen by analogy with that of a longitudinal magnetic field in the static case (see Section 3), which cannot be directly extended to involve rotation. (A full description of the anisotropic fluid formalism in the metric (8.1) may be found, e.g., in [109] .) The solution, in the gauge α = β + γ + µ, is written as
The solution contains integration constants ω 0 , ρ 0 and r 0 , and dimensionless constants x 0 and Q introduced for convenience. The coordinate x ranges from −x 0 to x 0 . Since r → ∞ as x → ±x 0 , it is a wormhole solution, it is symmetric with respect to the throat x = 0. However, the extremes x = ±x 0 are curvature singularities, with the Kretschmann invariant ∼ |x 0 − x| −4 . To construct an asymptotically flat configuration, we join it at some x = ±x s < x 0 to Minkowski regions at X = ±X s and obtain 
Calculation of the quantities a, b, c, d used in the WEC requirements (8.20) on Σ ± gives 33) where the insignificant factor 1/r 0 at each of them has been ignored. The expressions for a, b, c and d 2 depend on two parameters, x 0 and y, and coincide on Σ + and Σ − , hence the conditions (8.20) for the two surfaces also coincide. A numerical analysis shows that [68] :
• The condition 0 < P 2 (y) < 1, required by construction, holds for 0 < y 0.564;
• The conditions a > 0 and a > c hold in a significant range of x 0 and y, for example, for x 0 = 0.5, y ∈ (0.15, 0.47) and for x 0 = 0.3, y ∈ (0.05, 0.53).
• The condition a + c > 0 also holds in a ccertain range of the parameters, e.g, for x 0 = 0.5, y ∈ (0.15, 0.38) and for x 0 = 0.3, y ∈ (0.05, 0.51).
Thus in the parameter space (x 0 , y) there is a significant range in which this asymptotically flat wormhole model completely satisfies the WEC. One can also verify that g 33 < 0 in the internal region between Σ − and Σ + , hence the model does not contain CTCs.
This section demonstrates the possible existence of cylindrical wormholes asymptotically flat on both sides of the throat without WEC violation. It should be noted that the study of such systems is at an early stage, and many questions are yet to be answered, including, above all, possible observational signatures of such objects if they can really exist.
In conclusion, we would like to mention that cylindrical thin shells in many studies were used not as auxiliary objects needed to reach asymptotic regions but as the main sources of gravity in wormhole solutions, see [119, 125, 240] and references therein.
IX. GRAVITATIONAL COLLAPSE AND EMISSION OF GRAVITATIONAL WAVES
Gravitational collapse of a realistic body has been one of the most important problems in Einstein's theory, and due to the complexity of Einstein's field equations, the problem even in simple cases, such as, spacetimes with spherical symmetry, is still not well understood, and new phenomena keep emerging [170] . Particularly, in 1991 Shapiro and Teukolsky studied numerically the problem of a dust spheroid, and found that only if the spheroid is compact enough, a black hole can be formed [242, 243] . Otherwise, the collapse most likely ends with a naked singularity. Soon, Barrabés, Israel and Letelier constructed an analytical model of a collapsing convex thin shell and found that in certain cases no apparent horizons are formed, too [14] . Similar results were also found in more general cases [15] . However, since in all the cases considered by them, the external gravitational field of the collapsing spheroid/shell is not known, one cannot exclude the formation of an event horizon outside of the spheroid/shell.
To answer the above question, a simplified model was considered analytically by Apostolatos and Thorne (AT), that is, a cylindrical shell that is made of counter-rotating particles, and AT showed that the centrifugal forces associated with an arbitrarily small amount of rotation, by themselves, without the aid of any pressure, can halt the collapse at some non-zero, minimum radius, and the shell will then oscillate until it settles down at some final, finite radius, whereby a spacetime singularity is prevented from forming on the symmetry axis [6] . It should be noted that AT considered only the case where the shell has zero total angular momentum and is momentarily static and radiation-free. In more realistic situations, the spacetime has neither cylindrical symmetry nor zero angular momentum, and gravitational and particle radiations are always expected to occur. In particular, when radiation is taken into account, modeled by an outgoing radiation fluid [185] , Pereira and Wang found [226] that similar results to a rotating spheroid obtained in [243] also hold for a collapsing cylindrical shell made of counterrotating dust particles: in some cases the angular momentum of the dust particles is strong enough to halt the collapse, so that a spacetime singularity is prevented from forming, while in other cases it is not, and a line-like spacetime singularity is finally formed on the symmetry axis.
A.
The Hoop conjecture and critical collapse
The studies of gravitational collapse with cylindrical symmetry have been generalized to various cases, including the collapse of cylindrical shells with or without finite thickness [111, 116, 147, 161, 171, 172, 186, 210, 225, 247] , and matter fields filled the whole collapsing spacetimes [49, 80-82, 128, 154, 181, 194, 209, 211-213, 216, 241, 244-246, 248, 289] . In particular, the general matching conditions of two arbitrary ER spacetimes with a thin shell were given in [225] , and without a thin shell in [111] . It is remarkable that in the latter the junction conditions can be explicitly solved. In addition, in this case for a collapsing shear free isotropic cylindrical fluid, only a Robertson-Walker dust interior is possible, as shown in [111] .
All the results obtained so far are consistent with the hoop conjecture [262] : black holes with horizons form when and only when a mass M gets compacted into a region whose circumference is C 4πM in every direction 4 . In most of these studies, the spacetimes are described by the KJEK metric (1.2). Then, the no-go theorem regarding the existence of black holes in cylindrical spacetimes is applicable [278] . However, the naked singularities formed in cylindrical collapse may not be considered as counterexamples of the cosmic censorship conjecture (CCC) [222] , as one can always argue that such spacetimes are not realistic, while the CCC is often referred to collapse of realistic matter [170] . Nevertheless, cylindrical spacetimes can be used to understand other important properties of realistic collapse, such as the role that rotation can play, and the nonlinear interaction between gravitational and matter fields.
Critical phenomena in gravitational collapse of cylindrically symmetric spacetimes are an example of such kind of studies. In 1993, Choptuik studied the nonlinearity of the Einstein field equations near the threshold of black hole formation and revealed very rich phenomena [88] , which are quite similar to critical phenomena in Statistical Mechanics and Quantum Field Theory [11, 12] . In particular, by numerically studying the gravitational collapse of a massless scalar field in 3 + 1-dimensional spherically symmetric spacetimes, Choptuik found that the mass of such formed black holes takes the form,
where C(p) is a constant and depends on the initial data, and p parameterizes a family of initial data in such a way that when p > p * black holes are formed, and when p < p * no black holes are formed. It was shown that, in contrast to C(p), the exponent γ is universal to all the families of initial data studied, and was numerically determined as γ ∼ 0.37. The solution with p = p * , usually called the critical solution, is found also universal. Moreover, for the massless scalar field it is periodic, too. Universality of the critical solution and the exponent γ, as well as the power-law scaling of the black hole mass all have given rise to the name Critical Phenomena in Gravitational Collapse. Choptuik's studies were soon generalized to other matter fields, see, for example, the review articles [148, 275] (For more recent studies of critical phenomena, see, for example, [73, 149, 294] , and references therein.).
To understand the phenomena deeply, analytical studies have been put forwards [90, 129, 130, 164] . However, due to the nonlinearity of Einstein's field equations, even in spherically symmetric spacetimnes, the problem is still too complicated to be studied analytically. In 2003, cylindrically symmetric spacetimes with homothetic self-similarity were studied and a class of exact solutions to the Einstein-massless scalar field equations was found [276] . Among other things, from the analysis of their linear perturbations, it was found that there exists one solution that has one and only unstable mode. By definition [148, 275] , this is a critical solution that may sit on a boundary that separates two different basins of attraction in the phase space [see Fig.6 ].
Recently, a self-similar cylindrical scalar field with nonminimal coupling was studied [91, 92] , and a 2-parameter family of solutions with a regular axis was found, and their global structure was studied.
In addition, gravitational radiation from cosmic strings and their instabilities were also studied in cylindrically symmetric spacetimes [10, 16, 18, 20, 75, 139, 215, 281, 282] .
B. Polarizations and Faraday rotation
As is well known, due to Birhkoff's theorem [152] , it is not possible to have gravitational radiation in spherically symmetric spacetimes. So, one of the next simplest cases is spacetimes with cylindrical symmetry. Studying cylindrical GWs, Piran, Safier and Stark (PSS) first discovered that, due to the nonlinear interaction between ingoing and outgoing cylindrical GWs, a phenomenon similar to the electromagnetic Faraday rotation exists, but now one GW serves as the medium for the other, so the polarizations of these waves get rotated [228, 229] . The spacetimes considered by PSS are the ones described by the KJEK metric (1.2) with W = r, which is possible when spacetimes are vacuum,
The phase space of the dynamic system of the Einstein-scalar field equations. The hypersurface S is the critical surface of co-dimension one, which separates the basin of black holes from the basin of flat spacetimes. A generic smooth family of initial data S[p] always passes the two basins at the critical point p = p * on the critical hypersurface. All the initial data on the hypersurface will collapse to the critical solution A * , which is a fixed point on the hypersurface when it has continuous self-similarity, and a fixed cycle when it has discrete self-similarity. All details of initial data are soon washed out during the collapsing process, and the collapse with initial data near the critical point will be very similar to the critical collapse. This similarity can last almost to the fixed point A * , whereby the one unstable mode suddenly draws the collapse either to form black hole or to a flat spacetime, depending on whether p > p * or p < p * [275] .
Introducing the quantities, Note that the definition of the + and × modes given in (9.3) is coordinate-dependent, and the polarizations are defined with respect to the chosen coordinates. In [272, 273] , a coordinate-independent definition was given for plane GWs. However, the difference between metric (9.2) and plane symmetric spacetimes only lies in the existence of a symmetry axis and the closed orbit of the Killing vector ξ = ∂ φ . Therefore, it can be easily generalized to the current case. In the following, we shall give a brief outline, and for details we refer readers to [272, 273] . Let us first introduce two null coordinates u ≡ (t + r)/ √ 2, v ≡ (t − r)/ √ 2, so the metric (1.2) takes the
A null geodesic congruence meets the S0 plane in the circle S. Because of the force generated by the Ψ0 GW component, the image of the circle S on the SP -plane is a deformed into an ellipse [273] .
form,
Introducing a null tetrad (l µ , n µ , m µ ,m µ ) [214] , via the relations,
, one can show that each of the two null vectors l µ and n µ defines a null geodesic congruence,
(9.7) Thus, when A = 1 (B = 1) the null geodesics defined by l ν (n µ ) are affinely parameterized. Without loss of generality, let us first consider the null geodesics defined by l ν . Let η µ be the deviation vector between two neighbor geodesics and η ν l ν = 0. Then, it can be shown that the geodesic deviation is given by with e 2 ≡ (m +m)/ √ 2, e 3 ≡ −i(m −m)/ √ 2. The Weyl scalar Ψ 0 is interpreted as representing the transverse GW component propagating alone the n ν direction [258, 273] .
For physically realistic matter, we have Φ 00 ≥ 0 [152] . Equation (9.8) allows the following physical interpretation. Let S 0 and S P be infinitesimal 2-dimensional elements spanned by the two spacelike vectors e 2 and e 3 , and orthogonal to a null geodesic C at neighbor points O and P of C, and let S be an infinitesimal circle with center O, lying in S 0 [see Fig.7 ]. Suppose that a beam of light rays meets S 0 in the circle S, then let us observe the image of these light rays on S P . The first term on the right-hand side of (9.8) shows that matter fields always make the circle S contracted [see Fig.7 (b) ]. The second term, corresponding to the contribution of the real part of Ψ 0 , makes the circle elliptic with the main major axis along e 2 [see Fig.7 (c) ]. The last term on the right-hand side of (9.8), corresponding to the contribution of the imaginary part of Ψ 0 , makes the circle also elliptic but with the main major axis tilted at 45 to e 2 and e 3 [see Fig.7 (d)] . Thus, the image of these light rays on S P is an ellipse. Making the rotation in the (e 2 , e 3 )-plane with an angle ϕ 0 defined by 10) and then in terms of (e 2 , e 3 ), (9.8) takes the form,
It follows that the main major axis of the ellipse is along e 2 -direction. We call e 2 the direction of the polarization of the Ψ 0 wave. The angle ϕ 0 is the polarization angle of this wave component with respect to the (e 2 , e 3 )-basis. The relative accelerations of neighboring geodesics are proportional to Ψ 0 Ψ 0 1/2 , which does not relate to any observer. Thus, Ψ 0 Ψ 0 1/2 represents the absolute strength of the relative accelerations of neighboring rays.
Similarly, we can consider the geodesic deviation of the null congruence defined by n µ , and the geodesic deviation will take the form, the geodesic deviation equation (9.12) takes a similar form of (9.11). Thus, the angle ϕ 4 denotes the polarization angle of the ψ 4 wave component with respect to the (e 2 , e 3 )-basis.
It is important to note that the basis (e 2 , e 3 ) defined above is not parallel-transported (freely falling) along the null geodesic congruence. As a result, the angles ϕ 0 and ϕ 4 defined above have physical meaning only locally. Thus, in order to compare the polarizations of a given GW at different locations along the wave path, we need to find a parallel-transported basis, and then define the polarization angle with respective to this paralleltransported basis. In [273] , it was shown that if (e 2 , e 3 ) is rotated by an angle ϕ Note that in the derivations of the polarizations of the cylindrical GWs, we used the null geodesic deviations. One can equally use timelike geodesic deviations as done in [272] (See also [258] for the general case), and the same results will be obtained, as it is expected.
Moreover, for the rotating cylindrical GWs described by metric (1.3), choosing the null tetrad 20) and e 2 , e 3 and e µν + are as defined above. It is remarkable to note that now the Ψ 0 wave has only one polarization, the "+" mode, along e 2 direction, and the "×" mode now is absent.
To see the physical interpretation of the last two terms, let us consider a tube along the null geodesic C. Consider a sphere consisting of photons, which will cut S O in the circle S with the point O as its center, as shown in Fig.8 . Then, the last term in (9.19) will make the image of the sphere at the point P as a spheroid with the main major axis along a line at 45 0 with respect to e µ 1 in the plane spanned by e , (α = π/4). Combining it with (9.19), we can see that the last term will make a circle in the (e 1 , e 3 )-plane into an ellipse with its main major axis along the e 1 -axis, which is at 45 0 with respect to the e 1 -axis [cf. Fig.8 ].
Similar physical interpretation can be given to the second term, but note that e 0 defined by (9.20) now is timelike.
FIG. 8:
A spherical ball consisting of photons cuts SO in the circle S with the point O as its center. The image of the ball at the point P is turned into a spheroid with the main major axis along a line at 45 0 with respect to e1 in the plane spanned by e1 and e3 because of the interaction of Ψ1 and Φ01, while the rays are left undeflected in the e2-direction [224] .
It should be noted that in the case of timelike geodesics the Ψ 1 term deflects the sphere into an ellipsoid [258] . Moreover, the second term in (9.19) is absent in the timelike geodesic case. The effect of this term will make a clock "flying" with the photons slow down, in addition to the effect of deflecting the photons in the e µ 3 -direction. It is interesting to note that there is a fundamental difference between the time delay caused by this term and the one caused by a Lorentz boost. The latter, in particular, has no contribution to geodesic deviations, timelike or null [224] .
From the above analysis we can also see that for a pure Petrov type N GW propagating along the null geodesic congruence, in which only the component Ψ 0 is different from zero, the GW has only one polarization state, similar to the KJEK metric (9.4) with W = 0. The difference between these two cases is that in the case W = 0, the polarization angle remains the same even at different points along the wave path for the KJEK metric (9.4), while in the rotating case (1.3) with ω = 0, in general this is no longer true. In fact, it is easy to show that Thus, for the spacetimes described by metric (1.3), although e µ 2 is parallel-transported along the null geodesic congruence, e µ 3 in general is not, and is rotating with respect to a parallel-transported basis. Since the polarization angle of the Ψ 0 wave remains the same with respect to e µ 3 , the polarization direction is also rotating with respect to the parallel-transported basis.
Note that the effects of polarizations on the formation of spacetime singularities were studied for plane GWs [274] , and one can generalize such studies to cylindrical GWs, and similar results should be expected to hold here, too.
X. CONCLUSIONS
With the beginning of the era of gravitational wave astronomy [3] , the strong gravitational field regime will be soon explored observationally in various aspects. Such theoretical studies can be carried out analytically and/or numerically. In the former, due to the complexity of Einstein's field equations, symmetries of spacetimes are often imposed, such as spherical, plane and cylindrical [254] . Although they are all ideal models, and in realistic situations any of these symmetries may not exist, they do provide attackable examples, from which some fundamental issues of physics can be addressed. One of the typical cases is the Schwarzschild solution, which plays the central role in the studies of black hole physics. Another case is the LC solution, discovered by LC in 1919 [187] , marked as the second one of the Einstein's field equations discovered historically, and has been studied extensively in the past decades, in the efforts to understand the nonlinearity of Einstein's theory.
In this article, we have first defined cylindrically symmetric spacetimes [78] , and shown that the most general form of the metric can be cast in the form (1.6) [271] , with the conditions (1.4) and (1.5) as the existence of a symmetry axis. A spacetime without an axis is referred to as a cyclically symmetric spacetime [13] , as the axis may be singular and so not part of the manifold, or the topology of the manifold may be such that no axis exists. Depending on additional assumptions, the metric can reduce to the KJEK metric (1.2), the rotating MQ metric (1.3), or the ER metric (1.11).
Then, we have provided a general review on the main properties and possible sources of the LC solution (Sec. 2), when it is coupled with an electromagnetic field (Sec. 3), or with the cosmological constant (the LT solution, Sec. 4), or with a perfect fluid (Sec. 5).
The Lewis vacuum solution is the generalization of the static LC solution to the case with rotation, and has been reviewed in Sec. 6. When it is coupled with a cosmological constant, the solution was first studied by Lanczos [182] , then by Wright [288] , Krasimski [177] , Santos [238] , and Pereira, Santos and Wang [223] , among many others. One of the remarkable features is that the confinement of particles near the symmetry axis. Such particles are highly collimated and could provide an alternative mechanism for the formation of the observed extragalactic jets [132-134, 219, 220, 223] .
In Sec. 8, the studies of cylindrically symmetric wormholes have been reviewed, and various models have been presented, while in Sec. 9, the gravitational collapse of cylindrically symmetric sources has been summarized, and particular attention has been paid to the understanding of the Hoop conjecture [262] and critical phenomena at the threshold of black hole formation [88] . In this section, a gauge-invariant definition of the polarizations of cylindrically symmetric gravitational waves has been also given [272, 273] , and the interesting features of gravitational Faraday rotation [228, 229] of such waves have been reviewed.
With the promise of increasing duration, observational sensitivity and the number of detectors, many more gravitational wave events are expected to be detected. In particular, LISA [100] is expected to observe tens of thousands of compact galactic binaries during its nominal four year mission lifetime [95] . Then, the properties of the strong field regime of gravitational fields will be explored in various directions, including the (nonlinear) interaction of gravitational waves and matter fields. Thus, it would be extremely interesting to find some observational effects from the studies of cylindrically symmetric spacetimes, such as polarizations of gravitational waves and gravitational Faraday rotation.
So far, cylindrical spacetimes have been studied mainly in the framework of the KJEK metric (1.2). As shown in Introduction, this is only a particular case of the general metric (1.6). So, a natural question is to which extent the properties obtained so far hold in more general cases? What are the generic features of Einstein's theory of gravity? which are independent of the symmetry assumed but obtained from the studies of cylindrical spacetimes. Which kind of guidelines can one draw for the future observations of gravitational waves from such studies? Therefore, despite of the fact that cylindrical spacetimes have been extensively studied in the past several decades, and various remarkable results were obtained, there are still many important questions that are still waiting for answers.
In this Appendix, we shall present some general statements and relations about the static cylindrical spacetimes.
The most general static metric admitting translational symmetry along two mutually orthogonal axes has the form [Cf. (1.11)], ds 2 = e 2γ(u) dt 2 − e 2α(u) du 2 − e 2µ(u) dz 2 − e 2β(u) dφ 2 , (A.1) where u is an arbitrary admissible "radial" coordinate, with a freedom of choosing it for one's convenience. It is important that the coordinates z and φ appear in (A.1) (and hence in the field equations) on equal grounds and admit different interpretations. Thus, assuming z ∈ R and φ ∈ R, we obtain a symmetry called pseudoplanar, being an extension of planar symmetry (the latter requires additional isometry under rotations in the (z, φ) plane). The assumption of both z ∈ S 1 and φ ∈ S 1 leads to toroidal symmetry. We here choose to deal with cylindrical symmetry, assuming that z ∈ R is the longitudinal coordinate, and φ ∈ S 1 is the angular one. Let us present for further calculations the nonzero components of the Ricci tensor for the metric (A.1) without specifying the choice of the coordinate u, where the prime denotes d/du, and the coordinates are numbered according to the scheme (0, 1, 2, 3) = (t, u, z, φ). It is also useful to write the component G The coordinate u can be chosen in different ways, depending on the purpose of a study, convenience and taste, and is usually fixed by some relation between the functions α, β, γ, µ. For example, the LC solution in the previous section was written under the conditions α = µ [Cf. with six integration constants, among which b 0 , c 0 , h 0 can be turned to zero by changing scales along the t and z axes and by choosing the zero point of the u coordinate. Moreover, the first-order equation G It is quite suitable for a further study, and its form (2.8), preferred for historical reasons, is obtained from (A.7) using (A.6) and the following relations and notations: This transformation is valid for b+c = 0 and also requires some finite rescaling along the t and z axes.
